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Abstract. The problem of quasistatic evolution in small strain associative elastoplastic- 
ity is studied in the framework of the variational theory for rate-independent processes. 
Existence of solutions is proved through the use of incremental variational problems in 
spaces of functions with bounded deformation. This provides a new approximation result 
for the solutions of the quasistatic evolution problem, which are shown to be absolutely 
continuous in time. Four equivalent formulations of the problem in rate form are derived. 
A strong formulation of the flow rule is obtained by introducing a precise definition of 
the stress on the singular set of the plastic strain. 



Keywords: quasistatic evolution, rate-independent processes, perfect plasticity, Prandtl-Reuss 

plasticity, shear bands, incremental problems, variational problems in BD . 

2000 Mathematics Subject Classification: 74C05 (74G65, 49J45, 47J20, 35Q72) 



Contents 



1. Introduction 

2. Notation and preliminary results 

2.1. Mathematical preliminaries 

2.2. Mechanical preliminaries 

2.3. Stress and strain 

3. The minimum problem 

3.1. Existence of a minimizer 

3.2. The Euler conditions 

3.3. Continuous dependence on the data 

4. Quasistatic evolution 

4.1. Definition of quasistatic evolution 

4.2. The existence result 

4.3. The discrete energy inequality 

4.4. Proof of the existence theorem 

4.5. Convergence of the approximate solutions 

5. Regularity and uniqueness results 

5.1. Regularity 

5.2. Uniqueness of stress and elastic strain 

6. Equivalent formulations in rate form 

6.1. Weak formulation 

6.2. Strong formulation and precise definition of the stress 

7. Appendix 
References 



2 
5 
5 
6 
9 

13 
14 
15 
17 
18 
19 
20 
21 
23 
26 
27 
27 
32 
33 
33 
34 
37 
40 



1 



2 



GIANNI DAL MASO, ANTONIO DESIMONE, AND MARIA GIOVANNA MORA 



1. Introduction 

In this paper we study quasistatic evolution problems in small strain associative elasto- 
plasticity. More precisely, we consider the case of a material whose elastic behaviour is 
linear and isotropic, and whose plastic response is governed by the Prandtl-Reuss flow rule, 
without hardening (perfect plasticity). 

This is a classical problem in mechanics and it is usually formulated as follows in a domain 
il C K." . The linearized strain Eu , defined as the symmetric part of the spatial gradient of 
the displacement u , is decomposed as the sum Eu = e + p, where e and p are the elastic 
and plastic strains. The stress a is determined only by e, through the formula a = Ce, 
where C is the elasticity tensor. It is constrained to lie in a prescribed subset K of the space 
M"j^ of nxn symmetric matrices, whose boundary 9K is referred to as the yield surface. 

Given a time-dependent body force f{t,x), the classical formulation of the quasistatic 
evolution problem in a time interval [0, T] consists in finding functions u{t,x), e(t,x), 
p{t,x), a{t,x) satisfying the following conditions for every t € [0,T] and every x & Q.: 

(cfl) additive decomposition: Eu{t,x) = e{t,x) +p{t,x), 

(cf2) constitutive equation: a{t, x) = Ce{t, x) , 

(cf3) equilibrium: —diya{t,x)=f{t,x), 

(cf4) associative flow rule: (^ — a{t, x)) :p{t, a;) < for every ^ G K, 

where the colon denotes the scalar product between matrices. The problem is supplemented 
by initial conditions at time t = and by boundary conditions foi t G [0,T] , x G dfl, of 
the form u{t,x) = w{t,x) on a portion Fq of the boundary, and (j{t,x)v{x) = g{t,x) on 
the complementary portion Fi , where ^{x) is the outer unit normal to , w{t, x) is the 
prescribed displacement on Fq , and g{t, x) is the prescribed surface force on Fi . 

For concreteness, wc focus on the case where K is a cylinder of the form 'K — K + R/, 
where / is the identity matrix and K \s a, convex compact subset of M^^" , the space of 
trace free nxn symmetric matrices. This corresponds to yield criteria, often used for metals, 
which are insensitive to pressure, such as the ones of Tresca and von Mises (see, e.g., [14]). 
Then condition (cf4) implies that p{t,x) G M^^" and it is not restrictive to assume that 

Introducing the normal cone Nk{^) to if at ^, the support function 

F(0 :=supe:C, 

and the subdifferential dH{£^) of H at the flow rule (cf4) can be written in the equivalent 
forms (see, e.g., [10, Chapter 4]): 

(cf4') normality: p{t,x) G Nx{<TD{t,x)), 

(cf4") flow rule in primal formulation: aD{t,x) G dH{p{t,x)), 
(cf4"') maximal dissipation: H{p{t, x)) = croit, x) '.pit, x) , 

where a£){t,x) denotes the deviator of a{t,x) (see Section 2.1). 

In the engineering literature quasistatic evolution problems of the type considered above 
arc approximated numerically by solving a finite number of incremental variational problems 
(see [16], [24], and, more recently, [5], [18], [25]). The time interval [0,T] is divided into k 
subintervals by means of points 

o = 4<tl<---<4-' <4 = T, 

and the approximate solution , , at time is defined, inductively, as a minimizer 
of the incremental problem 

^ mi^n {Q{e)+n{p-pi-')-mt':)\u)}, (1.1) 



QUASISTATIC EVOLUTION PROBLEMS IN PERFECT PLASTICITY 



3 



where 

Q(e):=i [ Ce{x) : e{x) dx , n{p) := [ H{p{x))dx, 
Jn Jq 

{C{t)\u):= [ fit,x)u{x)dx+ [ g{t,x)u{x)dn''-\x), (1.2) 

H"~^ is the (n— 1) -dimensional HausdorfF measure, and A{w{t)) is defined, at this stage of 
the discussion, as the set of triples (u, e, p) , with Eu{x) = e{x) +p{x) for every x G , such 
that u satisfies the prescribed Dirichlet boundary condition at time t, i.e., u{x) = 'w{t,x) 
for every x G Fq. Finally, the stress at time t\. is obtained as (j\.{x) := Ce^(a;). 

Since Ti. has linear growth, problem (1.1) has, in general, no solution in Sobolev spaces. 
This is very natural from the point of view of mechanics, due to the phenomenon of strain 
localization. In the absence of hardening, solutions can develop shear bands, where shear 
deformation concentrates. Seen from a macroscopic perspective, shear bands can be thought 
of as sharp discontinuities of the displacement (slip surfaces). They cannot be resolved by 
Sobolev functions, but they find a natural mathematical representation if plastic deforma- 
tions are allowed to take values in spaces of measures (see [28]). 

These remarks lead naturally to a weak formulation of the problem, where the displace- 
ment u belongs to the space BD{Q) of functions with bounded deformation, whose the- 
ory was developed in [17], [30], [13], [29], and the plastic strain p belongs to the space 
Mb{n U Fo; M^''") of M^^"-valued bounded Borel measures on U Fq . 

In accordance to the theory of convex functions of measures developed in [9] and [29, 
Chapter II, Section 4], we define the functional W(p) in the weak formulation of problem 
(1.1) as 

H{p) := / H{p/\p\)d\p\, 

JQUFo 

where p/\p\ is the Radon-Nikodym derivative of the measure p with respect to its variation 
\p\, while A{w{tl.)) is defined, here and henceforth, as the set of triples {u,e,p), with 
u e BD{n), e e L2(0;M^jf^), p e Mb(0 UFo;M^^"), and Eu = e + p on n, subject to 
the relaxed boundary condition p = {'w{tl.) — u)Qi''H'^~^ on Fq. In the last formula 
denotes the symmetric tensor product. 

Boundary conditions of this kind are typical in the variational theory of functionals with 
linear growth (sec, e.g., [29] and [8]). The mc;c;lianic;al interpretation of our c;ondition on Fq 
is that, if the prescribed boundary displacement is not attained, a plastic slip is developed 
at the boundary, whose strength is proportional to the difference between the prescribed 
and the attained boundary displacements. 

In the case p]^^ = the weak formulation of problem (1.1) has been studied in detail in 
[30], [2], [13], [29], and [1] at the beginning of the 80's. With respect to this body of work, 
it is important to emphasize a change of perspective. The model we study (Prandtl-Reuss 
plasticity) takes explicitly into account the history of plastic deformation. Setting instead 
p]^^ =0 in (1.1) makes the problem oblivious to the accumulation of plastic strain. This is 
the so called Hcncky theory of plasticity, in which elastic unloading following plastic loading 
is not correctly resolved (see [11] and [28]). 

We can rely however on the results of the above mentioned papers to solve problem (1.1) 
in the general case (Theorem 3.3), provided a safe- load condition is satisfied. Then we define 
the piecewise constant interpolations 

Mfe(t) := ul , ek{t) := , pk{t) := pi , ak{t) := a}, , 

where i is the largest integer such that t\<t. 

The aim of this paper is to introduce a weak definition of continuous-time quasistatic evo- 
lution in the fimctional framework u G BD{n) , e G L'^{Vt- MJ^f^) , p G Mb{Vt U Fo; M^""") , 
cr G L^(r2; M"^^') , and to prove that, up to a subsequence, the discrete-time solutions Uk{t) , 



4 



GIANNI DAL MASO, ANTONIO DESIMONE, AND MARIA GIOVANNA MORA 



^k{t) , Pk{t) , <yk{t) , obtained by solving the weak formulations of problems (1.1), converge to 
a continuous-time solution u{t) , e{t), p{t) , cr{t), provided maxj(fj. — t]^^) — » as — > oo. 

Our definition fits the general scheme of continuous-time energy formulation of rate- 
independent processes developed in [22], [23], [19], [20], [21], and [15]. Following those pa- 
pers, for every time interval [s, t] contained in [0, T] we introduce the dissipation associated 
with 7i , defined by 

N 

Vn{p;s,t) :=sup{^H(p(f,) : s = to<h<---<tN=t,NGNY 

The general definition proposed in [15] reads in our case as follows: a quasistatic evolution is 
a function {u{t),e{t),p{t)) from [0,T] into BD{n)xL^{n;M'^^^)xMb{nuTo;M'^''"') 
which satisfies the following conditions: 

(qsl) global stability: for every t G [0,T] we have {u{t) , e{t) , p{t)) G A{w{t)) and 

Q{e{t)) - {m\u{t)) < Q{n)+n{q-p{t)) - 

for every {v,r],q) G A{w{t)); 

(qs2) energy balance: the function t i-^ p{t) from [0,T] into Mb{Ct LI To;M^"') has 
bounded variation and for every t € [0, T] 

Q{e{t)) + Vn{p;0,t) - (mHt)) = Q(e(0)) - (/:(0)|u(0)) + 

+ [\{a{s)\Ew{s)) - {C{s)\w{s)) - {C{s)\u{s))} ds , 
Jo 

where a{t) := Ce{t) , dots denote time derivatives, the first brackets (-I-) in the 
integral denote the scalar product in L^(f2;M"^), while the other brackets (•[•) 

arc defined as in (1.2). 

The main result of the present paper is the proof of the existence of a quasistatic evolution 
satisfying prescribed initial conditions (Theorem 4.5), provided a uniform safe-load condition 

is satisfied. 

A different formulation of the problem in rate form was proposed in [12] and [28], where an 
existence result is proved by a visco-plastic approximation. It turns out that our definition is 
equivalent to the one considered in those papers (Theorem 6.1 and Remark 6.3). Therefore 
the existence result is not new, but our proof is completely different and leads to a different 
approximation of the solutions (Theorem 4.8). Moreover it shows that this problem can be 
included in the general theory developed in [19] and [15]. 

Our proof is obtained by considering the discrete-time solutions Wfc(i) , eh{t) , Pk{t) , crk{t) 
and by showing that they satisfy an approximate energy inequality (Lemma 4.6), which 
is similar to [15, Theorem 4.1]. This allows us to apply the generalization (Lemma 7.2) 
of the classical Helly Theorem proved in [15, Theorem 3.2], and to extract a subsequence, 
independent of t and still denoted pk , such that pkit) p{t) weakly* in M6(Quro; M^^") 
for every t e [0, T] . 

Extracting a further subsequence, possibly depending on we may assume that Uk{t) 
u{t) weakly* in BD{Vi) and ek{t) e{t) weakly in L'^{Q.;W^^^) . We prove (Theorem 3.7) 
that {u{t),e{t),p{t)) satisfies the global stability condition (qsl). Since there exists at most 
one (u,e) e BD{n)xL'^{Q.;W^:^^) such that {u,e,p{t)) satisfies (qsl) (Remark 3.9), we 
have Uk{t) — ^ u{t) and ek{t) — ^ e{t) for the same subsequence (independent of t) for which 
Pk{t) -^p{t). 

One of the inequalities in the energy balance (qs2) is then proved by passing to the limit 
in the approximate energy inequality obtained for the discrete-time solutions, while the 
opposite inequality follows (Theorem 4.7) from the global stability, by adapting the proofs 
of [15, Theorem 4.4] and [6, Lemma 7.1]. 
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The second part of the paper is devoted to the regularity of solutions and to the com- 
parison of our definition of quasistatic evolution with other definitions in rate form. We 
prove (Theorem 5.2) that, if the data of the problem arc absolutely continuous functions 
of time, then for every quasistatic evolution the functions t i-^ u{t) , t ^ e{t) , t i-^ p{t) , 
and t <—^ a{t) are absolutely continuous on [0,T] with values in BD{0,), L'^{Q;M2y^) , 
Mb{Q U To; M^^") , L'^{Q-, M'^^,'^^) , respectively. Moreover, wc establish a pointwisc estimate 
for the time derivatives of these functions which implies that, if the data of the problem are 
Lipschitz continuous on [0, T] , then the same is true for t ^ u{t) , t ^ e{t) , t ^ p{t) , and 
t^ait) (Remark 5.4). 

Similar arguments prove that t ^ e{t) and t ^ a{t) are uniquely determined by their 
initial conditions (Theorem 5.9), while elementary examples in dimension one show that, in 
general, this is not true for t u{t) and t p{t) (sec [28, Section 2.1]). 

These regularity results allow us (Proposition 5.6) to write the energy balance (qs2) as 
balance of powers: for a.e. t G [0, T] 

{a{t)m)+nm) = {mm) + i'^mwit)) - mm)) ■ 

We then show that our definition of quasistatic evolution is equivalent to four different sets 

of conditions, expressed in rate form (Theorems 6.1 and 6.4). One of them can be inter- 
preted as the weak formulation, in the spaces BD{n), L^in-W^^^), Mb(n U Tq; M^""") , 
L^(Cl;M.gy^) , of the four conditions (cfl)-(cf4), considered in the classical presentation of 
the problem; another one takes into account the weak formulation of maximal dissipation 
(cf4"'); the third one coincides with the definition considered in [28]; the last one (The- 
orem 6.4 and Remark 6.5) presents a strong formulation of the normality rule in both 
forms (cf4') and (cf4"). This requires a precise representative of (TD(i) defined \p{t)\-a..e. 
on U To . If iiT is strictly convex, this representative is obtained as limit of averages of 
cr£)(i) (Theorem 6.6). 

2. Notation and preliminary results 
2.1. Mathematical preliminaries. 

Measures. The Lebesgue measure on R" is denoted by and the (n — 1) -dimensional 
Hausdorff measure by 7i"~^. Given a Borel set B c M" and a finite dimensional Hilbert 

space X, Mb{B;X) denotes the space of bounded Borel measures on B with values in 
X , endowed with the norm ||yu||i \ii\{B) , where € Mb{B;R) is the variation of the 
measure /x. For every fi € Mh{B; X) we consider the Lebesgue decomposition /x = , 
where is absolutely continuous and /i* is singular with respect to Lebesgue measure £" . 

If /X** = , we always identify fj, with its density with respect to Lebesgue measure £" . 
In this way L^{B;X) is regarded as a subspace of Mh{B;X), with the induced norm. In 
particular fj,"' G L^{B; X) for every /i e Mi,{B; X) . The indication of the space X is omitted 
when X = M. The norm, 1 < p < oo, is denoted by || • The brackets (•!•) denote 
the duality product between conjugate LP spaces, as well as between other pairs of spaces, 
according to the context. 

If the relative topology of B is locally compact, by Riesz representation theorem (see, 
e.g., [27, Theorem 6.19]) Mb{B;X) can be identified with the dual of Co{B;X), the space 
of continuous functions ip: B ^ X such that {\tf \ > e} is compact for every e > 0. The 
weak* topology of Mb{B;X) is defined using this duality. 

Matrices. The space of symmetric nxn matrices is denoted by M"^; it is endowed 
with the euclidean scalar product •= tr(^C) = ^ij^ijdj a.nd with the corresponding 
euclidean norm |^| := (^ ■0^^'^ ■ The orthogonal complement of the subspace M/ spanned 

by the identity matrix I is the subspace M^)^" of all matrices of M"^^" with trace zero. 
For every ^ G the orthogonal projection of ^ on R/ is itr(^)/, while the orthogonal 
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projection on M^^" is the deviator S^d of ^, so that wc have the orthogonal decomposition 

The symmetrized tensor product a 6 of two vectors a, b € M" is the symmetric matrix 
with entries {aibj + ajbi)/2. It is easy to see that tr(a0 6) = a-b, the scalar product of a 
and b, and that \aQbf = ^\a\^\b\'^ + ^(a-b)'^, so that :^|a||&| < \aQb\ < \a\\b\. 

Functions with bounded deformation. Let U be an open set in R" . For every u € 
L^{U;R^) let Eu be the M"^^ -valued distribution on U, whose components are defined 
by EijU — \{DjUi + DiUj). The space BD{U) of functions with bounded deformation is 
the space of all u G L^C/; M") such that Eu € Mb{U; M^^^) . It is easy to see that BD{U) 
is a Banach space with the norm 

I|u||i + ||£^m||i. 

It is possible to prove that BD{U) is the dual of a normed space (see [17] and [30]). The 
weak* topology of BD{U) is defined using this duality. A sequence Uk converges to u 
weakly* in BD{U) if and only if Uk ^ u weakly in L^{U]W^) and Eu^ Eu weakly* in 
Mf,([/; M"j^^) . Every bounded sequence in BD{U) has a weakly* convergent subsequence. 
Moreover, if U is bounded and has Lipschitz boundary, every bounded sequence in BD{U) 
has a subsequence which converges weakly in L"/("-i) ([/; R") and strongly in Lp(U;W) 
for every p < n/{n — 1). For the general properties of BD{U) we refer to [29]. 

In our problem u G BD{U) represents the displacement of an elasto-plastic body and 
Eu is the corresponding linearized strain. 

2.2. Mecheuiical preliminaries. 

The reference configuration. Throughout the paper is a hounded connected open set 
in M" with boundary. Wc suppose that the boundary dO. is partitioned into two disjoint 
open sets Fq , Fi and their common boundary 9Fo = 9Fi (topological notions refer here to 
the relative topology of 9il). We assume that Fq 7^ and that for every x E c3Fo = dTi 
there exists a diffeomorphism defined in an open ncughbourliood of x in R" which maps 
dCl to an (n — 1) -dimensional plane and dTo — dTi to an (n — 2) -dimensional plane. 

On Fq we will prescribe a Dirichlet boundary condition. This will be done by assigning 
a function w S if"'^/^(Fo; R") , or, equivalently, a function w € i/^(R";M"), whose trace on 
Fo (also denoted by w) is the prescribed boundary value. The set Fi will be the part of 
the boundary on which the traction is prescribed. 

Every function u G BD{yi) has a trace on dVt, still denoted by u, which belongs to 
V-{dQ.\W). li Uk, u € BD{n), Uk ^ u strongly in ii(Sl;R"), and \\Euk\\i \\Eu\\i, 
then Uk ^ u strongly in L^(i9r2;R") (see [29, Chapter II, Theorem 3.1]). Moreover, there 
exists a constant C > , depending on Q and Fg , such that 

||«||i,a<C||^.||i,ro + C||ii;«||i,a (2.1) 

(see [29, Proposition 2.4 and Remark 2.5]). 

We shah frequently use the space Mb(f] U FoiM^,''"), which is the dual of Co{fl U 
ro;M^^"). The latter space can be identified with the space of functions in C(n;M^^") 
vanishing on Fi . The duality product is defined by 

{t\ii) := T : d/i := V / Ty d/iij (2.2) 
7nuro JnuFo 

for every r = {nj) € C{n; M^^") and every = (/Xy) € Mb{n U Fq; M^^") . 

The set of admissible stresses. Let i^T be a closed convex set in M^^", which will play 
the role of a constraint on the deviatoric part of the stress. Its boundary is interpreted as 
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the yield surface. We assume that there exist two constants tk and Rk , with < tk < 
Rk < oo , such that 

e MS><" : 1^1 < rx} C C e MS><" : |^| < Rk] • (2.3) 
It is convenient to introduce the convex set 

/Cr,(fi) := {r e 1.2(0; M^^") : t{x) e for a.e. x&Q.]. 
The sei o/ admissible stresses is defined by 

/C(0) := {a e L2(0;M^;^) : an & Knim ■ 
The support function H: M^" [0,+cxd[ of K is given by 

ff(0:=supe:C- (2.4) 

It turns out that H is convex and positively homogeneous of degree one. In particular it 
satisfies the triangle inequality 

Prom (2.3) it follows that 

rxICI < H{0 < Rk\^\ (2.5) 

for every ^ G M^^". 

For every /i e M;,(0 U ro;M^^") let be the Radon-Nikodym derivative of /z with 

respect to its variation . Using the theory of convex functions of measures developed in 
[9], we introduce the nonnegative Radon measure -ff (/u) G M(,(f2 U Fq) defined by -ff (/u) := 
H{tJ-/\fJ-\)\fJ-\, i.e., 

H{p){B):= [ F(/x/|/x|)d|/x| (2.6) 

for every Borel set S C OUTq. Finally, we consider the functional H: M(,(Ouro; M^^") 
M defined by 

W(/z):=if(M)(Ouro)= / i?(M/|M|)d|Ml- (2.7) 

jnuPo 

Using [9, Theorem 4] and [29, Chapter II, Lemma 5.2] we can see that H{ii) coincides with 
the measure studied in [29, Chapter II, Section 4], hence 

W(/x) = sup{(t|m) : T e Coin U Tq; M^><") n /Czj(f2)} (2.8) 

and Ti is lower semicontinuous on Mb(51U ro;M^^") with respect to weak* convergence. 
It follows from the properties of H that H satisfies the triangle inequality, i.e., 

H{X + fx) <n{X)+n{ij) (2.9) 

for every A, /i e Mb(0 U Tq; M'^""") . 

The elasticity tensor. Let C be the elasticity tensor, considered as a symmetric positive 
definite linear operator C : W^^^ Wl^^^ . We assume that the orthogonal subspaces M^j^ " 
and M/ arc invariant under C. This is equivalent to saying that there exist a symmetric 
positive definite linear operator Cd- M^^" M^^" and a constant k > such that 

C^:=CD^D + K{trOI (2.10) 

for every ^ G M^^^. Note that when C is isotropic, we have = 2/x^£) + ^(tr^)/, where 
H > is the shear modulus and k is the modulus of compression, so that our assumptions 

are satisfied. 

Let Q: [0,+oo[ be the quadratic form associated with C, defined by 

QiO ■■= C = h<CDiD : + f (tr 0' • (2.11) 
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It turns out that there exist two constants ac and /3c , with < ac < Pc < +oo , such that 



ac\e < QiO < Pc\e (2.12) 
for every ^ e M"^^ . These inequahties imply 

|C^| < 2/3c|^| . (2.13) 
It is convenient to introduce the quadratic form Q: Z/^(0;M"j^) — > M defined by 

Q(e) := / Q{e)dx (2.14) 
Jq 

for every e e L^(f2; M^^^^) . It is well known that Q is lower semicontinuous on L^(f2; M^^^^) 
with respect to weak convergence. 



The prescribed boundary displacements. For every t G [0, T] we prescribe a boundary 

displacement w{t) in the space -"^(R"; R") . This choice is motivated by the fact that wc 
do not want to impose "discontinuous" boundary data, so that, if the displacement develops 
sharp discontinuities, this is due to energy minimization. 

We assume also that the function t i-^ w{t) is absolutely continuous from [0,T] into 
H^{W; M") , so that the time derivative t ^ w{t) belongs to L^{[0, T];H^{W; R")) and its 
strain t Ew{t) belongs to L^([0, T]; L^(R"; M^^^^)) . For the main properties of absolutely 
continuous functions with values in reflexive Banach spaces we refer to [4, Appendix] . 

Body and surface forces. For every t E [0, T] the body force f{t) belongs to the space 
L"-{fl;R") and the surface force g{t) acting on Fi belongs to L°°(ri;R"). We assume 
that the functions t i— > f[t) and t i-> g{t) are absolutely continuous from [0,T] into 
L"(ri;R") and L°°(ri;R"), respectively, so that the time derivative t i— > f{t) belongs 
to L^{[Q,T]-U'{n-W)), the weak* limit 

m :=.*-lim^^(fl^, 

exists for a.e. t e [0, T] , and t Il5(i)ll<x. belongs to ^^([O, T]) (see Theorem 7.1). 

Throughout the paper we will assume also the following uniform safe-load condition: 
there exist a function t g{t) from [0, T] into L^(0;M"^) and a constant a > such 
that for every t € [0, T] 

-div£i(t) = f{t) a.e. on Q , [g{t)v] = g{t) on Fi , (2.15) 



and 

QD{t,x)+i&K (2.16) 

for a.e. x € and for every ^ G M^^" with |^| < a. In these formulas gD{t,x) denotes 
the value of goit) at a; € fi, and the trace of g{t)iy on Fi is interpreted in the sense 

of (2.23) below. We assume also that the functions 1 1-^ g{t) and t ^ goit) are absolutely 
continuous from [0,T] into L'^{n;M^^^) and L°°(0; M^""") , respectively, so that the time 
derivative t ^ g{t) belongs to L\[0,T]; L'^{n;M^^^)) , 

gois) - goit) 



goit) (2.17) 



weakly* in L°°(f2; M^""") for a.e. t € [0,T], and t ^ ||to(i)llcx> belongs to L^{[0,T]) (see 
Theorem 7.1). 
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2.3. Stress and strain. Given a displacement u G BD(p,) and a boundary datum w € 
iJi(M";M"), the elastic and plastic strains e e L'^ {Q.\M^^^) and p e M6(0 U ToiM^''") 
satisfy the equalities 

Eu = e+p inf], (2.18) 
p={w-u)(3vrr-^ on To. (2.19) 

Therefore we have e = E°'u — a.e. on Q, and = i?"?! on fi. Since trp = 0, it follows 
from (2.18) that divu = tre € L'^{Vl) and from (2.19) that {w-u)-y = Q H^-'^-a.e. on 
To. The stress cr e 1.2(0; M^^fJ^) is defined by 

a := Ce = CdCd + KtT e . (2.20) 

The stored elastic energy is given by 

Q(e)= / Q{e)dx = ^{a\e). (2.21) 

Given w € i?^(M":M"), the set of admissible displacements and strains for the boundary 
datum w on Fq is denoted by A(w) : it is defined as the set of all triples {u,e,p), with 
u e BD{n), e e L^{n;M^^^), p e Mb(0 U Tq; M^^") , satisfying (2.18) and (2.19). 

We shall also use the space Ilr„{i^) of admissible plastic strains, defined as the set of 
all p e Mb{n U ro;M^''") for which there exist u e BD{n), w € iJ^(R";M"), and e e 
L'^{n-M'^^^) satisfying (2.18) and (2.19), i.e., (u,e,p) G A{w). 

We now prove a closure property for the multi- valued map w i— > A{w) . 

Lemma 2.1. Let be a sequence in iJ^(M";M") and let {uk,ek,pi~) G A{'Wk). Assume 

that Uk weakly* in BD{^1), e^ — ^ weakly in L2(f2; M"^^") , pi~ Poo weakly* in 

Mh(f}uro;M^^"), Wk^Woo weakly m H^W;^^). Then (uoo, eoo,Poo) e yl(woo) • 

Proof. Since To is open in 90, there exists a bounded open set U in such that To = 
J7 n aO, and we define O := O U C/. 

For fc = 1, 2, . . . , DO let Uk & BD{Q) be defined by Uk = Uk a.e. on Q. and Ufe = Wk a.e. 
on J/Xfi. Then 

Euk = Euk on Q. , 
i;ufc = («;fc-Ufe)0z/W"-i_onro, (2.22) 
E^Ufe = Ewk on [/'\f2 , 

(see, e.g., [29, Theorem 2.1 and Remark 2.3]). Since Wk — Uk is bounded in _L-'^(ro; M") by 
the continuity of the trace operator, the sequence Eiik is bounded in Mb{VL:M^y^) . As 
Uk Moo weakly in L^(i^;IR"), we conclude that Uk Uoo weakly* in BD{il). 

For fc = 1, 2, . . . , oo let Bfe e L2(fi; M"^^^) be defined by e/j = e^ a.e. on O and e^ = Ewk 
a.e. on U\i}, and let pk £ Mb(n;M^^") be defined by pk = Pk on Q U Tq and = on 
U\Q. Then Cfe converges to Coo weakly in L^{Q;M^yj^) . Since the restrictions to f2 U Fq 
of functions in Co{^; M^") belong to Co(f2UFo; M^^") , we obtain also that pk converges 
to Poo weakly* in M6(fi;M^^"). 

As {uk,ek,Pk) € A(wk) for k < oo, using again (2.22) we obtain Euk = e^ + pk in il. 
The convergence properties already proved for {uk^s.k,Pk) show that Eiiao = ^oo + Poo in 
fi. Consequently, (2.22) for fc = oo implies that (uoo, CooiPoo) € A{woo) . D 



The traces of the stress. If cr e L'^{fl;M^^^) and diver e L'^{fl;W) , then we can define 
a distribution [av] on 957 by 

(M IV')an (div alV-) + {a\E^p) (2.23) 
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for every e H\n;W). It turns out that [H e H-'^/^{dn;W^) (see, e.g., [29, The- 
orem 1.2, Chapter I]). We will consider the normal and tangential parts of [au], defined 
by 

[av]^ := ([H • , [ai^]^ := [ai^] - {[ai^] ■ v)v . (2.24) 

Since u e C^{dn;W), we have that [av]^, [av]^ e H-^'^{dn-W). If, in addition, or, e 
L°°(0;M^^"), then [av\j; e i°°(af2;M") and 

IIMl^lloo.an < ^Ikolloo (2.25) 

(see [13, Lemma 2.4]). 
Stress-strain duality. Let 

E(ri) := {a e L^in-yTsy^) : diva e i"(f2;R"), cjd € i~(l^;M^^")} . 
If cr e S(0), then cr e L''(ri; M"^^„") for every r < oo by [13, Proposition 2.5]. For every 
u e BD{Q) with div?i e L"/("~^^(fi) we define the distribution [au ■ Edu] on O by 

([tTD :£^Du]|(y3) := -(div(T|(/?M) - i(trcr|(pdivu) - ((t|u0V(^) (2.26) 

for every ip e C^(f2). It is proved in [13, Theorem 3.2] that [aD-EDu] is a bounded 
measure on ft whose variation satisfies 

\[(TD:EDu]\<\\aD\\oo\EDu\ inn. (2.27) 

Moreover 

[ipaD:EDu]=^[aD:EDu] in n (2.28) 

for every ^ £ (fi) , and 

[c7d : Edu]'^ = au : E^^u a.e. in O (2.29) 
(see [1, Corollary 3.2]). We define the measure [gd ■ Ejju] on O by 

[ao : EIju] := [ao : Edu]' = [<Jd ■ Edu] - gd : E^u . (2.30) 

By (2.27) we have 

\[<JD:Ef)u]\<\\aD\\co\Ef)u\ mil. (2.31) 
This shows, in particular, that if ct, u satisfy the same properties as a, u, and an = o'd 
a.e. on Q, EfjU = EfjU in O, then [an ■ Efju] = [an ■ Efju] in Q. 
We define 

{c7D \Edu):=. [an : Edu] {Q) , {aD\Ehu) := [ao : Ef^u] (Q) , (2.32) 

so that {aolEDu) = {aD\E%u) + (ctzjI^I^m). li (t^ ^ (t weakly in L^{n:M1^;^l), divcrfe ^ 
diva weakly in L"(fi;M"), and (afc)i3 is bounded in L°°(17; M^""") , then afe ^ a weakly 
in Z/'"(f2;M^j^^^) for every r < +00 (see [13, Proposition 2.5]) and 

{[{<Jk)D-EDuM ^ {[an-.EouM , ([(afc)o : i^|,n]]<^) ^ ([a^ : ^|,«]|^) (2.33) 

for every € C(0) (see [13, Theorem 3.2], whose proof gives the result also in the case of 
weak convergence). 

We define now a duality between T,{Q) and nro(f^)- Given a e S(n) and p € nro(ri), 
we fix u e BD{fl), e e L'^in;W^^^) , and w £ H^{R'';W) satisfying (2.18) and (2.19). 
Then we define a measure [ajj :p] g Mb (17 U Fq) by setting 

[an --p] := an : + [ai3 : E-fyu] = [ao ■ Edu] - ao-eo on Q , 
[ao : p] := [az/]^ • (u; - u) H""! on Fq , 

so that 

{[ao^pM = {[(TD : EduM - {an : eD|<p) + (M^Mw - u))ro (2.34) 
for every (p E C(f7), where (•|-)ro denotes the duality pairing between L°°(Fo;M") and 
L^{To;R") . Using the previous remarks, it is easy to see that the measure [an -p] does not 
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depend on the choice of u, e, and w. It foUows from the definition and from (2.25) and 
(2.31) that 

[an -.p]" = aD'-p"- a.e. on O , [ao'-pY = [an : on U Tq , 

|[oT> < ||cr£)||cx>|p| onOuTo, Ifo'D < ||cr£)||cx>|p*| on O U To . 

Moreover (2.28) imphes that 

[i>aD : p] = V[CTr. : p] in O U To (2.36) 

for every tf) & {Q) . Using the definitions we can deduce that 

{[aD:pM = {^(^D\p) (2.37) 

for every a € C^(ri; M"^^^') and every ip G C^(r2), where the duahty used in the right- 
hand side is defined in (2.2). Using the continuity properties given by (2.35) we can prove 
by approximation that (2.37) holds also for every a E C(0; M"^„") and every tp € C(f2). 
Therefore, for every a G C{n;M'gy^) and every p e nro(il) we have 

[ajj -.p] = ajj -.p on U To , (2.38) 

where the right-hand side denotes the measure defined by 

{an ■.p){B) := [ aD:dp:=Y, [ (^ij dpij (2.39) 
Jb ij Jb 

for every Borel set 5 C ri U Fq . 

If CTfe ^ CT weakly in 1.2(0; M^^^J^) , divcjfc ^ diver weakly in i"(0;K"), and {ak)D is 
bounded in i°°(0;M^^"), then, using (2.23)-(2.25) and (2.33), we obtain 

{[{(Tk)D:pM^{[(TD:pM (2.40) 

for every ip G C{Q). 

Finally, for every a E S(il) and p G Ilrg{^) , we define 

{aolp) := [ac:p](OUFo) = {aolp'') + {aDlEf^u) + {[au]^\w - u}ro = 
= {(7d\Edu) - (ctd |e_D) + {[(Jv]j;\w - u)to , 



(2.41) 



where u G BD{Q), e G L^{Q;W^^^), and w G i?i(M";M") satisfy (2.18) and (2.19). 

We are now in a position to prove an integration by parts formula for stresses a G S(f2) 
and displacements u G BD{fl), involving the elastic and plastic strains e and p. 

Proposition 2.2 (Integration by parts). Let a G 11(0), / G L"(0;R"), g G L°°(Fi;IR"), 
and let {u,e,p) G A{w) , with w G i?^(IR";M"). Assume that —diver = / a.e. on Q and 
[ai'] = g on Vi. Then 

{<jd\p) + {<y\e - Ew) = {f\u - w) + {g\u - w)r, , (2.42) 
where (•|-)ri denotes the duality pairing between L°°(Fi;R") and L^(Fi;R"). Moreover 

{[aD:p]\ip) + {a:ie-Ew)\ip) + {a\iu-w)QV^)= 
= (/k(w - w)) + {g\ip{u - w))ri 

for every (p G C^{n) . 

Proof. By [13, Theorem 3.2 and Propositions 3.3 and 3.4] we have 

(divcrli^t;) + {[aD:EDv]\(p) + i(trcr|(/3divw) + (alvQ^ip) = 
= {[aiy]^\ipv)r, + {g\v>v)T, 
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for every G C^{Q) and every v G BD{Q) with divv G L^{Q) and v ■ v = ^-a.e. 
on To . By (2.34) we have 

([ctd :p]|<^) + (fJ : (e - + ((t|(u - w) V(/j) = 

= ([aT>:£;r.(w-w)]|v') + ^(trcr|(^div(M- w)) + ((7|(u-u;)0V(p) - (2.45) 
- ([H^l</'(w- w))ro • 
If we apply (2.44) with v = u — w we obtain 

{[ao :-E_d(m - w)]\(p) + i(trcr|</?div {u - w)) + {a\{u - w)Q'V(fi) - 
- ([H;^l¥'(w - w))r„ = {.f\(p{u - w)) + {g\f{u - w))r, ■ 



(2.46) 



EquaUty (2.43) follows now from (2.45) and (2.46). To obtain (2.42) it is enough to take 
= 1 in (2.43). □ 

In order to show the connection between the duality (2.41) and the functional H defined 
in (2.7), we need the following approximation result. 

Lemma 2.3. Let U be a bounded open set in R" with the segment property, let K 6e a closed 
convex subset of M^^^j; , and let a G U'{U;W^^^), 1 <r < +oo , with diver G U'{U;K.") 
and ct{x) G K for a.e. x G ?7. Then there exists a sequence at G C°^(C/;M"j^) such that 
ak cr strongly in L'^{U;M^^^) , divcr/j — > diver strongly in L''{U;W^), and ak{x) G K 
for every x G U . 

Proof. Since U is bounded and has the segment property, there exists a finite open cover 
(Ui), i = 1,. .. ,m, of dU and a corresponding sequence of nonzero vectors yi such that, 
if X G U (lUi for some i, then x + tyi G U for < t < 1. We set Uq ■= U and yo := 0. 
For j = 0, . . . , m and k ~ 1,2,... the open set := {x E Ui : x + {l/k)yi G U} contains 
U (lUi. We define cr|,(a;) := a{x + {l/k)yi) for every x GUI.. Lot (Vi) , i = 0, . . . , m, be an 
open cover of U such that Vi CCUi for every i. Since UdVi C UI, for every i and k we 
can find a moUifier ^pl of class C^(K"') such that the convolution cr|, -kipl is well defined 
in a neighbourhood of U (iVi and 

\Wk*'^k- (^k\\r,unVi <^ and ||div£7^ * Vfe - diva-^||r-,c/nVi < • (2.47) 
As K is closed and convex, we have al ★ tjjl {x) G K for every a; in a neighbourhood of 

unv,. 

Let {<fi) , i = 0, . . . , TO, be a C°° partition of unity for U subordinate to (V^) and let 

m 

i=0 

Then ak is of class C°° in a neighbourhood of [/ and ak{x) G K for every a; in a neigh- 
bourhood of U. Since — > cr strongly in Z/''(?7n Vi;M^^^) and div cr^ ^ diver strongly 
in Li{U n y,; M") , from (2.47) and from the identity 



div cr := ^^(Vi div cr + cr V<Pi 



i=0 

we deduce that ak ^ cr strongly in UiU ; M^^^^) and div au div a strongly in L'~{U; M") . 

□ 

The following proposition provides a variant of (2.8) expressed by using the duality (2.41). 
Proposition 2.4. Let p G nro(f^) . Then 

H{p) > [cTD -p] on nvjTo (2.48) 
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for every a G Tt(fl) fl /C(f2) , and 

n{p) = sup{((TDb) : a e n IC{n)} . (2.49) 

Moreover, if g & L°°{ri;R") and there exists g £ T,{il) n/C(n) such that [gv] = g on Ti, 
then 

nip) = sup{(crr,|p) : cr € E(n) H /C(f2), [au] = g on Ti} . (2.50) 
Proof Let cr e E(0) n /C(ri) . To prove (2.48) it is enough to show that 

{H{pM>{[ctd:p]\v) (2.51) 

for every (p g C{fl) with > on fi. By Lemma 2.3 there exists a sequence (cife) in 
C°°(n;M^j;<^) n A:(0) such that ak ^ a strongly in i"(f2;M^jf^) and divert ^ diver 
strongly in i"(f};]R"). By (2.4), (2.6), and (2.37) we have 

{H{pM>{[{ak)D:pM, 

and (2.51) follows from (2.40). This concludes the proof of (2.48). 
By [29, Chapter II, Section 4] we have 

Hip) = sup{{aD\p) : cr S C7°°(M"; M^^^^) n /C(f2), supper nPi = 0}. 

This equality, together with (2.37) and (2.48), impHes (2.49) and (2.50) with g = 0. 

Let ^ G C°°(R) be such that < ^i. < 1, (l){s) = for s < 1, and (j){s) = 1 for j > 2. 
For ^ > we consider the function tl^six) := (?!)(|dist(x, Fi)) defined for every x G fl. Let 
a G n IC{n) be such that [cr;^] on Ti . Then as := tps(^ +{l-tps)Q& S(0) n }C{Q) 
and [agp] = g on Fx. Moreover, by (2.36) we have 

{{a5)D\p) = {[cTD -pMs) + {[Qd :p]|l - ips) ■ 

Since the right-hand side converges to {(JdIp) as ^ — > 0, equality (2.50) follows from the 
equality already proved for 51 = and from (2.48). □ 



3. The minimum problem 

In this section we study in detail the minimum problem used in the incremental formula- 
tion of the quasistatic evolution. The data are the current value po G Ilro (f^) of the plastic 
strain and the updated values w G H\R";R"), f G L"(fi;M"), and g G L°°(ri;K") of the 
boundary displacement and of the body and surface loads. The total load jC G BD{Q,)' is 
defined by 

{C\u) := {f\u) + {g\u)r, (3.1) 
for every u G BD{Q). By solving the minimum problem 

^ rmn {Q{e)+n{p-p^)-{C\u)} (3.2) 

we get the updated values w, e, and p of displacement, elastic and plastic strain. 

For the existence result we will assume the following safe-load condition: there exist 

Q G L^{n;Wl^;^) and a > such that 

— divg = / a.e. on ft , [gu] = g onTi, (3.3) 

and 

Qd{x)+^gK (3.4) 
for a.e. x and for every ^ G M^^" with \i\<a. 
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3.1. Existence of a minimizer. We begin by proving two technical lemmas concerning 
the safe-load condition. 

Lemma 3.1. Let w € / e L"(0;M"), g e L°°{Ti;W), and let C be defined 

by (3.1). Assume (3.3) and (3.4). Then 

{jC\u) = {g\e) + {qd\p) - {g\Ew} + {jC\w) (3.5) 

for every {u, e,p) € A(w) . 

Proof. The result follows from the definition (2.41) of the duality product {qd\p) and from 
the integration by parts formula (2.42). □ 

Lemma 3.2. Let f e L"{n;W), g G L°°(ri;M"), q G L^ , and a>0. Assume 

(3.3) and (3.4). Then 

n{p) - {qd\p) > a\\p\U (3.6) 

for every p G Ilro (fi) . 

Proof. By Proposition 2.4 we have 

nip) - {qdIp) = sup{{aD -gD\p)-'ye s(0) n IC{n)} > 

> sup{(td|p) : r G S(f^), \\td\\oo < a} . 

From (2.37) it follows that 

n{p) - (qdIp) > sup{{td\p) : r G C~(n;M^;;^), \\td\\o. < a} , 

where the duality product in the right-hand side is defined by (2.2). The conclusion follows 
now from standard arguments in measure theory. □ 

We are now in a position to prove the existence of a solution to (3.2). 

Theorem 3.3. Let w G Fi(R";]R"), po G nro(O), / G L"(0;]R"), g G L°°{Ti;W^) , and 
let £ be defined by (3.1). Assume (3.3) and (3.4). Then the minimum problem (3.2) has a 

solution. 

Proof. By Lemma 3.1 the minimum problem (3.2) is equivalent to 

, min {Q{e)-{Q\e)+n{p-pQ)-{QD\p-po)}. (3.7) 

in the sense that these problems have the same solutions. Let {uk,ek,Pk) S A{w) be a 
minimizing sequence. By Lemma 3.2 we have 

Ti-ipk -po) - {QD\Pk -Po) > a\\Pk -Po\\i , 

while (2.12) gives 

Q{ek)-{g\ek)>^\\ek\\l-^\\g\\l 

Therefore, the sequences Cfe and pk are bounded in L'^{n; M"^^^) and in MbC^UTo; M^,""") , 
respectively. Since Euk = e^t + p/; in f2 , it follows that Euk is bounded in Mb{fl;M.^y^) . 
Since (w — Uk) © iy'H"~^ = Pk is bounded in Mb(ro; M^^") , the traces of Uk arc bounded in 
i^(ro;M"). Therefore Uk is bounded in BD{il) by (2.1). Up to extracting a subsequence, 
we may assume that Uk ^ u weakly* in BD{Q), ek ^ e weakly in Z/^(0;M"j^), pk 
p weakly* in Mb(0 U To; M^^") . By Lemma 2.1 we have {u,e,p) G A{w). By lower 
semicontinuity 

Q(e) - {g\e) < liminf{Q(efe) - {g\ek)} . (3.8) 
To conclude we just need to show that 

W(p-Po) - {golp-po) < liminf{H(pfe -po) - {golPk - Po)} ■ (3.9) 

k^oo 
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To this aim, let (j) G C°°(M) be such that < </> < 1, (j){s) = for s < 1, and (j){s) = 1 
for s > 2. Let 5 > and tpsix) ■= <p{^dist{x,Ti)) for every x G Q. Since the measure 
H{pk — Po) — [qd ■ {Pk — Po)] is nonnegative on U To by (2.48), we have 

'H{'tps{Pk - Po)) - {[qd ■■ {Pk -Po)]H5) < T-Cipk -po) - {QD\Pk -Po) (3.10) 
for every ^ > 0. The integration by parts formula (2.43) gives 

{[eo ■■ (pk -Po)]H5) = -{g-{ek- Ew)\ips) - {g\iuk - w)QVtjjs) + 
+ {f\ips{uk - w)) - {[go -PoMs) ■ 
Passing to the limit as k ^ oo, and using (2.43) again, we deduce that 

{[qd ■■ {p - Po)] \ips) = lim {[qd ■■ {Pk - Po)] ■ (3.11) 

k — *oo 

By (3.10), (3.11), and the lower semicontinuity of 7Y, we have 

H{il}5{p - Po)) - {[qd : {P - Po)]\'4'5) < liminf{H(pfe - po) - {golPk - Po)} ■ 

Passing to the limit as (5 ^ wc finally obtain (3.9). 

As {uk,ek,Pk) is a minimizing sequence and {u,e,p) € A{w), by (3.8) and (3.9) we 
conclude that {u,e,p) is a minimizer of (3.7). □ 

3.2. The Euler conditions. We now derive the Euler conditions for a minimizer of (3.2) 
in the special case p = po- 

Theorem 3.4. Let w S H'^{W;W), f G L"(fi;]R"), g e L°°(ri;M"), and let C be defined 
by (3.1). Suppose thai {u,e,p) is a solution of (3.2) with po = p, and let a := Ce. Then 

a e L^{n;W^(^^Ji) and 

-n(q) < {<j\7j) - {£\v) = {aolvD) + i(tra|div^;) - {C\v) < n{-q) (3.12) 
for every {v,ri,q) G ^(0). 

Proof. Let us fix {v,ri,q) G ^(0). For every e G K the triple {u + ev, e + er],p + eq) belongs 
to A{w) , and hence 

Q(e + erj) + n{eq) - e{C\v) > Q(e) for every e e M . 

Using the positive homogeneity of H we obtain 

Q(e ± sri) + sn{±q) T s{C\v) > Q{e) for every £ > . 

Taking the derivative with respect to £ at £ = , we get 

{a\v) + n{q) - {jC\v) > , -(a|r?) + n{-q) + {jC\v) > , 

which implies (3.12). □ 

Proposition 3.5. Let a G L'^ {n;'W^^^) , f G i"(Q;M"), g G L°°(ri;]R"), and let C be 

defined by (3.1). The following conditions are equivalent: 

(a) -H{q) < {a\Tj) - {C\v) < H{-q) for every {v,Tj,q) G A{0) ; 

(b) a G S(0) n IC{Cl) , —diver — f a.e. on , and [(7i>] — g on Ti . 

Proof Assume (a) and let v G i?^(n;R") with v = 7i""^-a.e. on Lq. Since the triple 
{v, Ev, 0) belongs to ^4(0) , from (a) we obtain 

{a\Ev)-{f\v)-{g\v)r,=0. (3.13) 

Since this is true, in particular, for v G (7^(0; M"), we conclude that —diver = / on fl, 
hence diver G L"(ri;R"). Using the distributional definition (2.23) of [cri'], from (3.13) we 
obtain also that [av] = g on Fi . 
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Let T] G L^(f2;M^^"). Regarding —rj as an absolutely continuous measure on fiUFo, 
the triple (0, rj, —77) belongs to ^(0) , thus from (a) we obtain 

-n{-v)<{cTD\v)<n{v). 

Let us fix ^ e M^^". Since for every Borel set B c O we can take r]{x) = 1b{x)^, we 
deduce that 

-H{-0 < croix):^ < H{£_) for a.c. x G O . 

Therefore <td{x) G dH{0) for a.c. x e O. As dH{0) = K (see, e.g., [26, Corollary 23.5.3]), 
wc obtain that crr>(a;) e K for a.c. x e hence ao G L°°(ri;M^^") and a G /C(f2). 
Conversely, assume (b) and let {v, 77, g) G ^(0) . By Proposition 2.4 we have 

-n{-q)<{aD\q)<n{q). (3.14) 

From the integration by parts formula (2.42) we get 

{<TD\q) = -{o\-n) + {f\v) + {g\v)T^ , 

so that (a) follows now from (3.14). □ 

Theorem 3.6. Let w G H^{'R"';'R"') , f G i"(f7;R"), g G i:°°(ri; R") , let (u,e,p) G A{w) , 
let a :=Ce, and let C be defined by (3.1). Then the following conditions are equivalent: 

(a) {u,e,p) is a solution of (3.2) with po = p; 

(b) -n{q) < {a\rj) - {C\v) < n{-q) for every {v,r],q) G A(0); 

(c) cr G S(f2) n /C(0), — divCT = / a.e. on Vt, and [av] = g on Fi . 

Proof. The implication (a) ^ (b) is proved in Theorem 3.4. The converse is true by 
convexity. The equivalence (b) (c) is proved in Proposition 3.5. □ 

Theorem 3.6 gives immediately a stability result with respect to weak convergence of the 

data. 

Theorem 3.7. Let Wu, fk, Qk he sequences in i?i(M";M"), U\Q.;W), L°°(ri;R") re- 
spectively, let Ck he defined hy (3.1) with f = fk and g = gk, and let {uk,ek,Pk) S A{wk) ■ 
Assume that Uk Woo weakly* in BD{VL), ^ e^o weakly in L"^ {^l-^M^y^) , p^ p^ 
weakly* in Mf,(rj U Fq; M^""") , Wk Woo weakly in ifi(M";R"), fk foe weakly in 
L"(f7;M"), gk g<yo weakly* in L°°{Vt-W), and let £00 he defined hy (3.1) with / = /oo 
and g = goo - If 

Q(efc) - {Ck\uk) < Qiv) + n{q - Pk) - {Ck\v) (3.15) 
for every k and every {v,rj.q) G A{wk) , then (uoo, Goc, Poo) G A{woo) and 

Q{eoo)-{Coo\uoo) <Q{'n)+'H{q- Poo)- {Coo\v) (3.16) 
for every {v,r],q) G A{woc ) . 

Proof. First we note that (uqo, SocPoo) G ^(^oo) by Lemma 2.1. Let ak '■= Ce^ and aoo '■= 
Ccoo- If (3.15) holds, then Uk, Ck, Pk, Wk, fk, gk satisfy condition (a) of Theorem 3.6. 
By condition (c) of Theorem 3.6 we have ak € S(n) fl /C(f2) , — divcr/j = fk a.e. on O, and 
[cTfeZv] = gk on Fl . 

Since Cfe ^ Coc weakly in L'^{il; M"^^,") , we have that ak a^o weakly in L'^(^\ ^sym) ■ 
As /C(f2) is closed and convex in L'^{Q;M2y^) , we deduce that CToo G /C(f2). Since — divcTfe = 
fk a.e. on Q and fk foe weakly in L"(il;]R"), we obtain that — divcToo = foe a.e. on 
f2, hence CToo G S(r2). Moreover, from (2.23) it follows that [aki^] [o'oo'^] weakly in 
F-i/2(917;K"). As [cTfcZ/] = gk on Fi and gk goo weakly* in i°°(0;M"), we conclude 
that [(TocZ^] = goc on Fi . Therefore Uoc , Roo, Poo, Woc, foe, goo satisfy condition (c) of 
Theorem 3.6. Inequality (3.16) follows now from condition (a) of Theorem 3.6. □ 
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3.3. Continuous dependence on the data. We complete our study of the solutions 
{u, e,p) of the minimum problem (3.2) in the special case p = po by proving the continuous 
dependence, in the norm topology, of u and e on the data po, w, f , and g . 

Theorem 3.8. For i = 1,2 let S Fi(R";]R"), fi € L"(ri;R"), gi £ L°°(ri;K"), and 
let Li be defined by (3.1) with f = fi and g = gi ■ Suppose that {ui,ei,pi) is a solution of 
(3.2) with Po = Pi, w = Wi, C = Ci, and let 

wi2 := |b2 -Pilli + Ib2 -Pilll^^ + 11/2 - fl\\n + 1152 -5i||cx>,ri + \\EW2 - Ewi\\2. 
Then 

||e2-ei||2 < Cia;i2, (3.17) 
\\Eu2-Eu4i<C2UJi2, (3.18) 

\\U2 - U\\\i < C3 {U}12 + \\W2 - W1II2) , (3.19) 

where Ci, C2, and C3 are positive constants depending only on Rk , etc, Pc, ^, and Fq . 

Proof Let v := (1*2 - W2) - (ui - wi) , 77 := (e2 - £'^2) - (ei - Ewi) , and q := P2 -pi- 
Since {v,rj,q) G AP{0), by Theorem 3.4 we obtain 

-■H{p2-Pi) < (Ceilry) - {fi\v) - {gi\v)r, , 
(Ce2h) - {f2\v) - {g2\v)r, < H(pi - P2) • 
Adding term by term and using (2.5) we obtain 

(C(e2 - ei)|e2 — ei) < (C(e2 — ei)\Ew2 — Ewi) + 
+ (/2 -fi\v) + (fl2 - 5i|^^)ri +'2Rk\\P2-Pi\\i ■ 

By (2.12) and (2.13) this implies 

2Q!c||e2 - eilli < 2/3c|le2 - eiHz \\Ew2 - Ewi\\2 + II/2 - fi\\n \\v\\n/{n-i) + /g 

+ Il.g2 - .gillooTilli'lliji + 2i?A-||p2 -pilji • 

Since the embedding of BD(fl) into (Q- M") is continuous, there exists a constant 

Ai , depending only on Q , such that 

IM|n/(„-i) <^i|Mli + Ai||i^z;||i. (3.21) 

By (2.1) there exists a constant C > 0, depending only on fl and Fq, such that 

\\v\\i<C\\v\U,ro+C\\Ev\\i. (3.22) 

As P2 — Pi = —V Qi'H"'~^ on Fq , we have 

IM|i,ro< V2|b2-Pi||i. (3.23) 

Since Ev = (62 — ei) + {p2 — Pi) — {Ew2 — Ewi) , by the Holder inequality we have also 

\\Evh < £"iny/^e2 - ei||2 + \\P2 - pih + £"in)^/^Ew2 - Ewih ■ (3-24) 

By (3.21)-(3.24) there exists a constant A2, depending only on O and Fq, such that 

lblU/(n-i) < A2 ||e2 - ei||2 + A2 |b2 -Pilli + A2 \\Ew2 - Ewi\\2 . (3.25) 

Since the trace operator is continuous from BD{i}) into 1/^(90; R"), there exists a con- 
stant Bi , depending only on O , such that 

\\v\\i,r, <Bi\\v\\i+Bi\\Ev\\i. (3.26) 

From this inequality and from (3.22)- (3.24) we deduce that there exists a constant B2, 
depending only on Q and Fq , such that 

\\v\\l,^^ < B2 \\e2 - ei||2 + B2 \\p2 - Pi\\i + B2 \\Ew2 - Ew^h ■ (3.27) 
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Therefore (3.20), (3.25), and (3.27) imply that 

2ac ||e2 - eilll <2(3c ||e2 - ei||2 \\Ew2 - Ewi\\2 + A2 II/2 - fi\\n \\e2 - ei||2 + 

+ A2 11/2 - /l||„ b2 -Pllll + ^2 11/2 - hWn \\EW2 - Ewi\\2 + 

+ B2 \\g2 - 5i||oo,ri ||e2 - eilb + B2 \\g2 - .9i||ooJi \\P2 - Pi\\i + 
+ B2 1152 - ffl||oo,ri \\EW2 - Ewi\\2 + 2Rk\\p2-Pi\\i, 

which yields (3.17) by the Cauchy inequality. 

As Eui = ei+pi in O by (2.18), by the Holder inequality we obtain 

\\Eu2 - Eu,\U < £"(0)V2||e2 - ei||2 + |b2 -Pi||i , 

so that (3.17) gives (3.18). 

Since P2— Pi = [{w2 — wi) — (m2 — ui)] Qi'H""^ on Tq , wc have 

\\U2 - WllllJo < \\W2 - '"'llll.ro + \\p2 -Pllll . 

The continuity of the trace operator from H^{fl;R"-) into L^(i9Jl;R") implies that there 
exists a constant M , depending only on O , such that 

||W2 - 'Wl||l,ro < M \\W2 - Wi\\2 + M \\E'W2 - £^^1112 + \/2 Ib2 - Pi 111 • 

By (2.1) there exists a constant C , depending only on ft and Fg , such that 

\\U2 - Uilli <C\\U2 - WllllJo + C \\EU2 - EUlWi < 

< CM\\w2 - W1II2 + CM \\Ew2 - Ewi\\2 + V2C \\p2 - Pi\\i + C \\Eu2 - Eui\\i . 
Inequality (3.19) follows now form (3.18). □ 

Remark 3.9. Theorem 3.8 implies that, if {ui,ei,po) and (1*2562,^0) are solutions to 
problem (3.2) with the same w, f , and g, then m = U2 and ei = 62 a.e. on Q.. 

4. QUASISTATIC EVOLUTION 

We now consider time-dependent body and surface forces f{t) and g{t) satisfying the 
regularity assumptions and the uniform safe-load condition of Section 2.2. For every t € 
[0,T] the total load £{t) e BD{n)' applied at time t is defined by 

{C{t)\u):={f{t)\u) + {g{t)\u)r, (4.1) 

for every u E BD{Vt) . 

Remark 4.1. From the hypotheses of Section 2.2 it follows that the weak* limit 

£(i) lim^ifl^ 

^ ' s^t S-t 

exists in BD{Q)' for a.e. t e [0, T] , and that 

{t{t)\u):={f{t)\u) + {g{t)\n)T. (4-2) 

for every u e BD{il) . Therefore the function t {jC{t)\u{t)) belongs to L^{[0, T]) whenever 
t ^ u{t) belongs to I/°°([0, T];BD{Q)) . 

The properties of Q{t) and Qoit) mentioned in Section 2.2 imply that g{t) G E(f2) for 
a.e. t e [0, T] and 

—divg{t) ~ f{t) a.e. on fl , [^(i)H = 9{t) on Fi . 

Moreover, thanks to (2.40), we can prove that for every p G nro(ri) the function s 1-^ 
{Qd{s)\p) is differentiable at each t G [0,T] where Q{t) exists and (2.17) holds, with de- 
rivative given by (to(i)|p). This implies that t t-^ {()D{t)\p{t)) is measurable for every 
simple function t ^ p{t) from [0, T] into Mb(ri U Fq; M^,""") with p{t) G llrai^) for a.e. 
t e [0,T]. By approximation we conclude that t 1— > {QD{t)\p{t)) belongs to L^{[0,T]) 
whenever t ^^ p{t) belongs to L°°([0, T]; M6(0 U Fq; M^""")) and p{t) G Ilroi^) for a.e. 
tG[0,T]. 
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A function p: [0,T] Mt{^ U TqiM^''") will be regarded as a function defined on the 
time interval [0, T] with values in the dual of the separable Banach space Co(Ouro; M^^") . 
Therefore for every s,t G [0, T] with s < t the total variation of p on [s, t] is defined by 

JV 

V(p; s,t) = sup { ^ \\p{tj) - pitj-i)\\i : s = to < h < ■ ■ ■ < tN = t, N £ n}. 

By (2.8) wc can apply to H all results proved in the Appendix with X = Mfc(riuro; M^^") , 
Y = Co(nuro;M^''"), and JC = /CD(f^)nCo(r2uro; M'j^,''") . The H -variation of p on [s,t], 
which will play the role of the dissipation in the time interval [s,t], is denoted V-j-iij); s,t) 
and is defined by 

N 

Vn{p; s, t) := sup { ^ n(p{tj) - p{tj-i)) : s = to < ii < • • • < ijv = i, ^ e n} . (4.3) 
i=i 

4.1. Definition of quasistatic evolution. We are now in a position to introduce the 
following definition. 

Definition 4.2. A quasistatic evolution is a function 1 1— > {u{t),e{t),p{t)) from [0,T] into 
B£)(n)xL2(0;M^y>^J^)xM6(0 U ro;M^^") which satisfies the following conditions: 

(qsl) global stability: for every t G [0,T] we have {u{t),e{t),p{t)) G A{'w{t)) and 

Q{e{t)) - imHt)) < Q{v)+nq-p{t)) - {m\v) (4.4) 

for every {v,r],q) G A{w{t)); 

(qs2) energy balance: the function t ^ p{t) from [0,T] into M6(0 U Fq; M^^") has 
bounded variation and for every t € [0, T] 

Q{e(t)) +Vn{p;0,t) - {m\u{t)) = Q(e(0)) - (£(0)1^.(0)) + 

+ [\{ais)\Ewis)} - {Cis)\w{s)} - {C{s)\um ds , ^^"^^ 
Jo 

where cj{t) := Ce{t) . 

Remark 4.3. Since the function t p{t) from [0,T] into M6(Ouro;M^^") has bounded 

variation, it is bounded and the set of its discontinuity points (in the strong topology) 
is at most countable (see, e.g., [4, Lemma A.l]). By Theorem 3.8 the same properties 
hold for the functions t ^ e{t) and t ^ a{t) firom [0,r] into L'^{Q]M^^^) , and for the 
function t i— > u{t) from [0,r] into BD{Vl) . Therefore t ^ e{t) and t ^ a{t) belong 
to L°°([0,T];L2(n;M^j^^^)) and t ^ u{t) belongs to L°°([0, T]; B£>(n)) . As t ^ Ew{t) 
belongs to L^{[0,T];L^{fl;W^^^)) and t ^ w{t) belongs to L\[Q,T]; H\W;R")) , the 
integral in the right-hand side of (4.5) is well defined thanks to Remark 4.1 

The following theorem gives an equivalent formulation of conditions (qsl) and (qs2), which 
uses the function 1 1-^ Q{t) introduced in the uniform safe-load condition of Section 2.2. 

Theorem 4.4. A function t ^ {u{t),e{t),p{t)) from [0,T] into BD{n)xL'^{n;U'^^^) 
xMfc(ri U Fq; M^^") is a quasistatic evolution if and only if it satisfies the following condi- 
tions: 

(qsl') for every t G [0,T] we have {u{t) , e{t) , p{t)) G A{'w{t)) and 

Q{e{t)) - {QitMt)) < Qin) - {Q{t)\ri)+H{q-p{t)) - {Qn{t)\q - p{t)) (4.6) 
for every {v, t], q) G A{w{t)) ; 
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(qs2') the function 1 1-^ p{t) from [0,T] into Mh(riuro; M^,^") has bounded variation and 
for every t G [0, T] 

Q{e{t)) + Vn{p;0,t) - {g{t)\e{t) - Ew{t)) - (to(t)bW) = 

= Qie{0)) - {g{OMO) - Ewm - {gompm - (4.7) 

- / {{g{sMs)-Ew{s)) + {gD{sMs))}ds+ f {<Tis)\Ew{s)) ds , 
Jo Jo 

where a{t) :— Ce{t) . 

Proof. The equivalence of conditions (qsl) and (qsl') follows from Lemma 3.1. 

As the functions t^ f{t), t^ g{t), and t^w{t) are absolutely continuous from [0, T] 
into L"(f7;]R"), i°°(ri;R"), and respectively, the function t ^ {C{t)\w{t)) 

is absolutely continuous on [0,T] and its time derivative is given by t {C{t)\w{t)) + 
{C{t)\w{t)). It follows that 

"'{miwis)) + {L{s)\w{s))}ds = imHt)) - imHO)) ■ (4.8) 
/o 

By Lemma 3.1 we have 

{m\v) = {g{t)\v - Ez) + {gn{t)\q) + {C{t)\z) (4.9) 

for every t G [0,T], z G ffi(R";]R"), and {v,r],q) G A{z) . Taking the derivative with 
respect to t, thanks to Remark 4.1 we obtain 

{C{t)\v) = {e{t)\v - Ez) + (to(t)k) + {C{t)\z) 

for a.e. t G [0, T] , for every z G H^{W; M") , and every {v, r], q) G A{z) . 

If conditions (qsl) or (qsl') hold, then by Remark 4.3 the function t {u{t) , e{t) , p{t)) 

belongs to L°°([0,T];Bi:i(O)xL2(Q;M^^x^)xM6(O U ro;M^^")). As {u{t) , e{t) , p{t)) G 
A{w{t)) for every t G [0, T] , we have 

imHt)) = (mm - Ew{t)) + {gDitmt)) + {c{t)\w{t)) 

for a.e. t G [0, T] . Therefore (4.8) impUes that 

''\{C{s)\u{s)) + {C{s)\w{s))}ds = {m\w{t)) - (£(0)|«;(0)) + 

.t (4.10) 

+ / {{g{sMs)-Ewis)) + {gDisMs))}ds. 



f 

Jo 



f 

Jo 



The equivalence of conditions (qs2) and (qs2') follows now from (4.9) and (4.10). □ 

4.2. The existence result. The following theorem is the main result of the paper. 

Theorem 4.5. Let {uo,eo,Po) € ^('"^(0)) satisfy the stability condition 

Q(eo) - (r(0)|«o) < Q(e) + H{p - po) - {C^v) (4.11) 

for every {u,e,p) G A{w{0)) . Then there exists a quasistatic evolution t ^ {u{t) , e{t) , p{t)) 
such that u{0) — uq , e(0) = cq , p(0) = po • 

Theorem 4.5 will be proved by a time discretization process. Let us fix a sequence of 
subdivisions {t].)o<i<k of the interval [0,T],with 

Q = tl<fl<...<tl'' <tl=T, (4.12) 
lim max(4-4-i)=0. (4.13) 

A; — '■00 l<2</c 

For i = 0, . . . , fc we set < := w{tl) , fl := f{tl) , gl := g{tX) , 4 := £(4) , and el := g{tX) . 
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For every k we define w^., e^, and p\. by induction. We set (u^,e^,p^) := (wo,eo,po)) 
which, by assumption, belongs to A{w{0)) , and for i = 1, . . . , A; we define {u\, e,\.,p\) as a 
solution to the incremental problem 

min {Q{e)+n{p-j^i')-{Ci\u)}. (4.14) 

{u,e,p)eA{wl) 

The existence of a solution to this problem is proved in Theorem 3.3. We recall that by 
Lemma 3.1 the minimum problem (4.14) is equivalent to 

min {Q(e)-(4|e)+W(p-pri)-((ei)Bb-4-^)}. (4.15) 

Moreover, by the triangle inequality (2.9) the triple {u\,e\,p\) is also a solution of the 
problem 

^ niin {Q(e)+W(p-4)-(4|«)}. (4.16) 

For i = 0, . . . , fc we set a], := <Ce\ and for every t G [0, T] we define the piecewise 
constant interpolations 

:= 4 > e.k{t) := e| , pfc(t) := p| , (Tfc(i) := ^ , ^ 
^"fe(i) := < . := , 9k{t) := 5^ , jCk{t) := 4 , ^^(i) := ^ , 

where i is the largest integer such that t\ <t. By definition {uk{t),ek{t),pk{t)) G A{'Wk{t)) 
and by (4.16) we have 

Q{ek{t)) - {Ck{t)\uk{t)) < Qiv) + n{q - Pk{t)) - {Ck{t)\v) (4.18) 

for every (w,r?,g) e A{wh{t)). 

4.3. The discrete energy inequality. Wc now derive an energy estimate for the solutions 
of the incremental problems. Note that a remainder 5k is needed because the integral terms 
which appear in the right-hand side of (4.19) provide only an approximate value of the work 
done by the external forces. 

Lemma 4.6. There exists a sequence 5k 0+ such that for every k and every t G [0,T] 
Q{ek{t)) - {Qk{t)\ek{t) - Ewkit)) + 

+ E Wk-pV)~{QD{tl)\pl-pl-')}< 



o<ti<t 

< Q(eo) - (^(0)|eo - Ew{Q)) - 



(4.19) 



- {Q{s)\ek{s) - Ewk{s)) ds + {ak{s)\Ew{s)) ds + 5k , 
Jo Jo 

where i is the largest integer such that t]. <t . 

The integrals in the right-hand side of (4.19) can be written as 

f\e{s)\ek{s) - Ewkis)) ds = e^r'\^' Ewr') , 

f\ak{s)\Ewis)) ds = j2{4~'\M - Ewi-') , 
Jo 



i=i 



where the sums involve only the values of g{t) and w{t) at the discretization points . This 
is the main difference between inequality (4.19) and those considered in [15, Theorem 4.1]. 
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Proof of Lemma 4-6. Wc have to prove that there exists a sequence dk 0+ such that 

i 

+ T.i'^^pi - pT') - {((^iWk - Pi-')} < 

r=l (4.20) 
< Q(eo) -(^(0)|eo-£;w;(0))- 

-/ {Q{s)\ek{s) - Ewk{s)) ds + i {ak{s)\Ew{s)) ds + 5k 
Jo Jo 

for every k and every i = 1, . . . ,k. 

Let us fix an integer r with \ < r < i and let v := ul~^ — w^T^ + w^. and rj := 
e^~^ — Ew^~^ + Ewl.. Since {v,r],p^~^) G A{wl), by the minimaUty condition (4.15) we 
have 

Qiel) {Ql\el)+n{pl-pr') {iol)D\pl-pl-') < 
< Q{er' + Ewl En,r') {gl\el-' + Ew^ Ew^') , 
where the quadratic form in the right-hand side can bo developed as 

Q(e-i + Ewl Ewl-') = QK-') + K-'\Ewl Ewl'^) + Q{Ewl - Ewl'') ■ (4-22) 

From the absolute continuity of w with respect to t we obtain 

^fc-^r^ = / w{t)dt, 

where we use a Bochner integral of a function with values in i?^(IR"; M") . This implies that 

Ewl - Ewl'' = I Ew{t)dt, (4.23) 

where we use a Bochner integral of a function with values in L^(M"; M"^^^) . By (2.12) and 
(4.23) we get 

Q{Ewl - Ewl-') < ^^{[i, \\Ew{t)h dtf. (4.24) 
Prom the absolute continuity of q with respect to t we have 

{el\el-' - Ewl-') = isr'ler' - Ewl-') + ^ Mit)\eT' - Ewr') dt. (4.25) 

By (4.21)-(4.25) we obtain 

Q{el) - {el\el - Ewi) + n{pl-pl-') - {{gl)D\pl-pr') < 
< Qier')-{er'\er'-Ewl-')- f\m\er'-Ewi-')dt + 

rtl . 2 



+ fJ_^{al-'\Ew{t))dt + Pc[ f\\\Ew{t)\\2dty < (4.26) 

< Q(er') - (er vr' - ewi-') - JJjmier' - Ewr') dt + 



+ 

It 



where 



/' {al-'\Ew{t))dt + uJk /' \\Ew{t)\\2dt, 
Jtl-^ Jtl-' 

ftl 

<^k '■= Pc max / ||£w(t)||2rft — > 

l<r<kJ^^-l 
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by the absolute continuity of the integral. Iterating now inequality (4.26) for 1 < r < z, we 
get (4.20) with 5k := Wfc \\Ew{t)ydt. □ 

4.4. Proof of the existence theorem. We are now in a position to prove Theorem 4.5. 

Proof of Theorem 4-5- Let us fix a sequence of subdivisions (ifc)o<i<fc of the interval [0,T] 
satisfying (4.12) and (4.13). For every k let {u\. , , ),i — l,...,fc,be defined inductively 
as solutions of the discrete problems (4.14), with (Wfc,e°,p°) = {uQ,eQ,pQ) , and let Uk{t) , 
ekit), Pk{t), CFk(t), Wk{t), fk{t), gk{t), Ck{t), Qk{t) be defined by (4.17). 

Let us prove that there exists a constant C , depending only on the constants ac, /3c > 
and a , and on the functions eo , 1 1— > w{t) , and 1 1— > Q{t) , such that 

sup |lefe(i)||2<C and V{pk;0,T)<C (4.27) 

te[o,T] 

for every k. As t w{t) and t g{t) arc absolutely continuous with values in iJ^(M" ; M" ) 
and L'^{Q;M'^y^) , respectively, the functions 1 1-^ \\Ew{t)\\2 and t ||f?(t)||2 are bounded 
on [0,T] and the fimctions t \\Ew{t)\\2 and t ||f?(i)ll2 are integrable on [0,T]. This 
fact, together with (2.12), (2.13), (3.6), and (4.19), implies that 

acWekiml- sup ||^(i)||2 sup \\Ewm2 + a ^ \\pl-prX< 
te[o,T] te[o,T] o<,.<, 

</?c||eo||^ + ||f^(0)||2(||eo||2 + ||i?^«(0)||2) + sup \\Ew{t)\\2 f Uis)\\2ds+ (4.28) 

te[o,T] Jo 

+ sup ||efe(t)||2( / U{s)\\2 ds + 2Pc f \\Ew{s)\\2ds+ sup \\g{t)\\2)+Sk 

te[o,T] ^Jo Jo te[o,'-/'] ^ 

for every k and every t & [0, T] . The former inequality in (4.27) can be obtained now by 
using the Cauchy inequality. As for the latter, by (4.28) and the first inequality in (4.27) 
we deduce that 

E \\Pl-Pr%<C (4.29) 

for every k and every t G [0,T]. Since 1 1-^ Pkit) is constant on on the intervals 
the estimate (4.29) is equivalent to the second inequality in (4.27). 

By the generalized version of the classical Helly theorem given in Lemma 7.2 there exist a 
subsequence, still denoted pk , and a function p: [0, T] Mf,(0 U Fq; M^^") , with bounded 
variation on [0, T] , such that pkit) p{t) weakly* in M(,(f7UFo; M'^""") for every t e [0, T] . 

Since, by (4.27), ||efc(t)||2 < C and ||pfe(i)||i < C for every k and every t, arguing as in 
the proof of Theorem 3.3 we deduce that Uk{t) is bounded in BD{^1) uniformly with respect 
to k and t. Let us fix t e [0, T] . There exist an increasing sequence kj (possibly depending 
on t) and two functions u{t) G BD{n) and e{t) e L'^{n;M^^^) such that Uk^{t) u{t) 
weakly* in BD{n) and efe^.(t) ^ e{t) weakly in L2(r2; M^^><^) . By (4.18) we can apply 
Theorem 3.7 and we obtain that the triple {u{t),e{t),p{t)) is a solution of the minimum 
problem 

^ min {Q{n)+n{q-p{t))-{C{t)\v)}. (4.30) 

By Remark 3.9 there exists a unique (w, e) G BD{n)xL'^{Q.;Wi:^^) such that {u,e,p{t)) 
is a solution to (4.30). Therefore, the convergence result holds for the whole sequence, i.e., 
Uk{t) u{t) weakly* in BD{n) and ek{t) e(t) weakly in L'^{n;M^^^) . 

Let us show now that the function 1 1-^ {u{t) , e{t) , p{t)) is a quasistatic evolution satisfying 
(u(0), e(0),p(0)) = {uo,eo,Po) ■ The initial condition is fulfilled, since Ufe(O) = uq, 6^(0) = 
eo, Pfe(O) = po for every k. In (4.30) we have already proved that {u{t) , e{t) , p{t)) satisfies 
(4.4) for every t G [0, T] . 
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It remains to prove the energy balance (4.5), or equivalently (4.7). By Theorem 4.7, 
proved below, it is enough to establish the energy inequality 

Q(e(i)) - {Q{t)\e{t) - Ew{t))+VH{p;0,t) - {gD{tMt)) < 

< Q(e(0)) - (KO)|e(0) - Ewm - (to(O)b(O)) - (4.31) 

- / {{g{s)\e{s)-Ew{s)) + {Qn{sMs))}ds+ [ {a{s)\Ew{s)) ds . 
Ja Jo 

Lot us fix i G [0,r]. As in the proof of Theorem 3.3, let J > and ips{x) := 
(/)(idist(x,ri)) for every x € U, where </> e C=*(K), < (j) < 1, (/'(s) = for s < 1, 

and (^(s) = 1 for s > 2. Since the measure -ff(p^ —Pk~^) ~ [^^(*fe) • (Pk "^'fe"^)] nonneg- 
ative on Q U To by (2.48), we have 

n{MPk-pr')) - {[eoiti) : {Pi-pr')m < npi-pi-') - {eompi-pr') (4.32) 

for every r = 1,. . . ,i. Since 1 1— > Pk{t) is constant on the intervals we have 

VHii^5Pk;0,t) < ^MpI-pT^))^ 
o<ti<t 

so that the lower semicontinuity of the dissipation (see (7.3)) gives 

Vn{^sP;0,t)<limini V n{MPk-Pr'))- (4-33) 

0<tj<t 

It is convenient to write 



J2{[Mtl) : {Pl - Pl-')]m = - Y.^[{eD{tl) - eD(tl~')) -.pl-'Wi^s) 

+ {[QD{ti):piMs) - {[QD{Q):po]\i>6) . 



(4.34) 



Since t ^ g{t) and t ^ f{t) arc absolutely continuous from [0, T] into L^(f2;M"y^^) and 
L"-(f];M"), respectively, by (2.43) we have that 

E([(to(iD - to(C')) ■■Pr'Ms) = - f\g{s)\Mek{s) - Ewu{s))) ds - 

-/ {g{s)\{uk{s)-Wk{s))QVtps)ds+ {f{s)\il)s{uk{s) - Wk{s))) ds . 
Jo Jo 

Passing to the limit as — > oo and using (2.43) again, we obtain 

hm J2<liSD{tl) - gD{tr')):pr'm = [\[Ms):p{s)mds. (4.35) 
Analogously we can show that 

lim ([to(4) --pum = {[eD{t) -.pmm . (4.36) 

Combining together (4.32)-(4.36), we obtain that 

Vniipsp; 0,t) - {[gD{t) -.pmm + ([^(0) -.pioms) + I {[qd{s) :p(s)]|V'5> ds < 

Jo 

< ]imini J2{n{pl - Pl-') - {QD{tlM - Pl-')} 

r=l 
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and passing to the limit as (5 ^ 0+ , we conclude that 

< 



i5w(p;0,t)-(toWb(i)) + (to(o)b(o))+ / {sD{sMs)}ds 

Jo 

i 

< - pi-') - ieDitim - Pi-')} ■ 

k—^oo ^ — ^ 
r=l 



(4.37) 



For every s e [0,t] we have crfc(s) = Cefc(s) ^ Ce(s) = a{s) weakly in L'^{n;M^^^). As 
crfe(s) is bounded in 1/^(0; M"^^) uniformly with respect to A; and s, we can pass to the 
limit in (4.19) as — > oo and we obtain (4.31) from (4.37) and from the lower semicontinuity 

of Q. □ 

As in [15, Theorem 4.4] and [6, Lemma 7.1], the energy inequality (4.31) together with 
the global stability (qsl') imply the exact energy balance (qs2'). 

Theorem 4.7. Let t ^ (u{t),e{t),p{t)) he a function from [0,T] into BD{n)xL^{n;W^^^) 
xMb(n U To: M^)^") which satisfies the stability condition (qsl') in Theorem 4-4- Assume 
that t i-^ p{t) from [0,T] into M6(f] U Fq; M^^") has hounded variation. Then for every 

t e [0, T] we have 

Q(e(<)) - {Q{t)\e{t) - Ew{t)) +Vh{p-M - {QD{t)\p{t)) > 

> Q(e(0)) - (^?(0)|e(0) - Ewm - (to(O)b(O)) - (4_38) 
{{gisMs)-Ew{s)) + {gDis)\p{s))}ds+ [ {a{s)\Ew{s)) ds , 



where a{t) := Ce{t) . If, in addition, (4-31) is satisfied, then the exact energy halance (qs2') 
holds. 

Proof. Let us fix f e (0, T] and let {s\)o<i<k be a sequence of subdivisions of the interval 
[0, satisfying 

Q = sl<sl<---<s1-^ <sl=t, (4.39) 
lim max {si - s'r^) = . (4.40) 

fe— >(X) l<i<k 

For every i = 1, . . . , fc let w := w(s^) - w(s^) +w(s^~^) and rj := e{sl)- Ew{sl) + Ew{s'^^^) . 
Since (t;,ry,p(s^)) € A{w{s]^^)) , by the global stabiUty (4.6) we have 

Qieisl-'))-{gisl~'Msl~'))< 
< Q{e{sl) - {Ew{sl) - Ew{si-'))) - (^j(sr^)|e(4) - {EwisD - Ewisl-'))) + (4.41) 

+n{p{si)-p{si-')) - (to(4"')lp(4) -K4"')) • 

The first term in the right-hand side can be written as 

Q(e(4) - {Ew{sl) - Ew{sl-^))) = 
= Q(e(4)) - Wisl)\Ew{sl) - Ew{sl-')) + Q{Ew{s\) - Ew{^-^)) . 

Now, arguing as in (4.25) and in the proof of the last inequality in (4.26), from the previous 
equality and from (4.41) we obtain that there exists a sequence Wk — > 0+ such that 

Q(e(4"')) - {QiA-'MA-') - Ew{sl-')) - (to(4"')b(4"')) < 
< Q{e{si))+H{p{si)-p{s'^-')) - {Q{si)\e{si)- Ew{sl)) - (to(4)b(4)) + 

+ [\Q{s)\e{si)-Ew{si))ds+ [ {QD{sMsi))ds- 
Jo Jo 

{a{sl)\Ew{s)) ds + LVk f " \\Ew{s)\\2ds. 

On [0, t] we define the piecewise constant functions 

efc(s) := e{sl) , Ewk{s) := Ew{sl) , pfe(s) := p(s^) , afe(s) := cr(s^) , 



26 GIANNI DAL MASO, ANTONIO DESIMONE, AND MARIA GIOVANNA MORA 

where i is the smallest index such that s < s^. Since J2i'^{p{^k) ~ Pi^k^^)) ^ 2?-^(p;0,f), 
iterating the last inequality for 1 < i < A; we obtain 

Q(e(0)) - (e(0)|e(0) - Ew{0)) - (to(O)b(O)) < 
< Q{e{t)) + VH{p;0,t) - (e(i)|e(i) - Ewit)) - (toWbW) + (4 42) 

pt rt pt \ ' / 

+ / {gis)\ek{s) - Ewk{s)) ds + / {gD{s)\Pk{s)) ds - / {ak{s)\Ew{s)) ds + Sk , 
Jo Jo Jo 

where 6k := cok Jo \\Ew{s)\\2ds. By Remark 4.3 the set of discontinuity points of the 
functions s 1— >p(s), s e(s), and s 1— > a{s) is at most countable and ||pj.(s)||i, ||efc(s)||2, 
and II o'fe(s) II 2 are bounded uniformly with respect to s and k. Therefore (4.40) implies 
that p^.(s) ^p{s) strongly in Mb(r2 U Tq; M^,^") , e/c(s) e(s) and ak{s) a{s) strongly 
in L2(Q.M^xn) for a.e. s e [0,t]. Now, (4.38) follows from (4.42) by the dominated 
convergence theorem. □ 

4.5. Convergence of the approximate solutions. For every k let {ul,, e]^,pl,) , i = 
1, . . . j/c, be defined inductively as solutions of the discrete problems (4.14), starting from 
iul,el,pl) = (ito,eo,po), and let Uk{t), ek{t) , Pk{t) , crk{t) be defined by (4.17). Let 
1 1— > {u{t), e{t),p{t)) be a quasistatic evolution. Assume that 

Pk{t) p{t) weakly* in Mb{n U Tq; M^^") (4.43) 

for every t G [0, T] . The following theorem shows, in particular, that stresses and elastic 

sym / 



strains of the approximate solutions converge strongly in L'^{fl; M"^^) . 



(4.44) 



Theorem 4.8. Assume that the plastic strain of the approximate solutions satisfies (4-43)- 
Then ek{t) e{t) and ak{t) a{t) strongly in LF'{Vt;M'l^^) . Moreover, 

hm Wk - pV) - {QD{tl)\pl - pV')} = 

o<ti<t 

= Vn{p;Q,t) - {QD{t)\p{t)) + {QomPm + I {qd{s)\p{s)) ds 

Jo 

for every t e [0, T] . 

Proof. By the discrete energy inequality (4.19) for every t G [0,T] we have 

Q(efe(i))+ E {nPk-pr')-{eD{tiM-pr')}< 

o<ti<t 

< Q{eo) - (e(0)|eo - Ew{0)) + {gkit)\ek{t) - Ewk{t)) - (4.45) 

{Q{s)\ek{s) - Ewk{s)) ds + / {ak{s)\Ew{s)) ds + Sk , 



where Sk ^ and i is the largest integer such that t^ <t. By the energy balance (4.7) we 

have also 

Q{eit)) + VH{p;0,t) - (to(i)|pW) + (to(O)b(O)) + fiMsMs)} ds = 

Jo 

= Q{eo) - (e(0)|eo - Ew{0)) + {g{t)\e{t) - Ew{t)) - (4.46) 

- [ {g{s)\e{s) - Ew{s)) ds + [ {a{s)\Ew{s)) ds . 
Jo Jo 

In the proof of Theorem 4.5 we have already seen that ek{t) e{t) and ak{t) a{t) weakly 
in L^(f2;M"^^), and that ||e/i;(t)||2 and ||cr/c(t)||2 are bounded uniformly with respect to t 
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and k. Moreover, gk{t) g{t) and Ewk{t) Ew{t) strongly in L2(n;M^^^^). Therefore 
the right-hand side of (4.45) converges to the right-hand side of (4.46). This imphes 



Umsup{Q(efc(0)+ E Wk ' pV') ' {QD{tl)\pl ^ pI-')}] < 

Q{e{t))+Vn{p\Q,t)-{QD{t)W)) + {QDmPm+ I {QD{s)\p{s))ds. 

Jo 



'0 

By the lower semicontinuity of Q and by (4.37) wc obtain (4.44) and 

Q{ek{t)) ^ Qie{t)) , 

which gives the strong convergence of ek{t) , and, consequently, of ak{t) = Cek{t) . □ 

5. Regularity and uniqueness results 

In this section we prove that every quasistatic evolution 1 1-^ {u{t), e{t),p{t)) is absolutely 
continuous with respect to time, and that the functions 1 1— > e{t) and 1 1— > a{t) are uniquely 
determined by their initial conditions. 

5.1. Regularity. For the general properties of absolutely continuous functions with values 
in Banach spaces we refer to [4, Appendix] for the reflexive case and to the Appendix of the 
present paper for the case of the dual of a separable Banach space. 

If t q{t) and t i-^ v{t) are absolutely continuous from [0,T] into Mb{Q. U ro;M^^") 
and BD{il), respectively, we define 

./.X * ,. <l{s)-q{t) ^ v{s)-v{t) 
q{t) := w - lim — , v{t) := w - lim — — . (5.1) 

s— >t S — t s— >t S — t 

By Theorem 7.1 q{t) and v{t) are defined for a.e. t G [0, T], the function t i— > 'H{q{t)) is 
measurable, and 

VH{q;0,t)= fn{q{s))ds (5.2) 
Jo 

for every t e [0, T] . 

Remark 5.1. If wc apply (7.5) to the absolutely continuous function t i— !■ q(t) , with X = 
Mt{nuTo;Ml''-''), Y = CainuTo;Ml^^) , and IC = {if € Co(^^ U Tq; M^><") : ||^||oo < 1}, 
for a.e. t G [0, T] we obtain 

W'* = !iis||M||.. (-3) 

By the definition of weak* convergence in BD(yi) it follows from (5.1) that for a.e. t G 
[0,T] wehave {v{s)-v{t))/{s-t) ^ v{t) strongly in ^1(0; R") and {Ev(s) - Ev{t)) / {s - t) 

Ev{t) weakly* in Mb{Q.;M^^^) as s ^ t. If we apply (7.5) to the absolutely contin- 
uous fimction t ^ Ev(t), with X = Affe(Sl; M^^,,"^) , Y = Co{fl;M'^y^) , and tC = {ip G 
Co{n;M^^^) : y\\^ < 1}, for a.e. t G [0,T] wc obtain 

Ev{s) - Ev{t) 



||i;i)(i)||i = lim 



s-t 



This implies that for a.e. t G [0, T] the trace of v{t) is the strong limit in i^(90;M") of the 

traces of {v{s) — v{t))/{s — t) as s t (sec [29, Chapter II, Theorem 3.1]). In other words 
the time derivative of the trace of v{t) is the trace of the time derivative of v{t) . Therefore, 
using (4.1) and (4.2), we can prove by a standard argument that 

j^{m<t)) = {mw)) + {c{t)\v{t)) (5.4) 

for a.e. t G [0, T] . 
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The next proposition deals with the absolute continuity of the functions t ^ e{t) , 
t ^ p{t), and t ^ u{t) from [0,T] into L'^{Q;W^^^) , M6(0 U ro;M^^"), and 
respectively. 

Theorem 5.2. Let t ^ (u(t) , e(t) , p{f.)) he a quasistatic evolution. Then the functions 
t 1-^ e(t) , t i—>p{t), and t i—> u{t) are absolutely continuous from [0,T] into i^(r2;M"j^), 
Mb(f]uro;M^''"), and BD{n), respectively. Moreover, for a.e. te [0,T] we have 



where Ci and C2 are positive constants depending on Rk , cx-C, l3c, 01, supj ||^(t)||2 , 
supj ||e(t)||2, and supj while C3 depends also on and C4 also on Q and Tq. 

Proof. Since 'H{p{t2) ~ p{t\)) < 'Dn{p;ti,t2) , by the energy equality (4.7) we obtain, after 
an integration by parts, 



for every ti, & [0,T] with t\ < t^- Consider now the functions v := u{t2) — u{ti) — 
{w{t2) — w{ti)) , T] := e{t2) — e{ti) — {Ew{t2) — Ew{t\)) , and the measure q := p{t2) —p{ti) . 
Since {v,ri,q) S ^(0) and {u{ti), e{ti),p{ti)) is a solution of the minimum problem (3.2) 
with po = p{ti) and £ = C{ti) , by Theorem 3.4 and Lemma 3.1 we obtain 




(5.5) 
(5.6) 
(5.7) 
(5.8) 



hHt2Mt2)) - i(a(ii)|e(fi)) + n{p{t2) - p(ii)) < 



< {g{t2Mt2)) - {g{tiMti)) + {gD{t2Mt2)) - {gDitiMti}) 
- r ms)\e{s)) + iMsMs)) - Hs) - Q{s)\Ewis))}ds 



(5.9) 



- {a{h)\e{t2) - e{ti)) + {g{h)\e{t2) - e{ti)) + (^(^1)^(^2) - p{ti)) + 
+ (a(ii) - g{ti)\Ew{t2) - Ew{ti)} < H{p{t2) - p(ii)) , 



so that (5.9) implies 



^{a{t2)\e{t2)) - i(a(ti)|e(ti)) - {a{h)\e{t2) - e{h)) < {g{t2) - e(ii)|e(t2)) + 



+ {gD{t2) - gD{tiMt2)) - {<j{ti) - g{ti)\Ew{t2) - Ew{ti)) - 




g{s)\Ew{s))) ds . 



Therefore, 



i(C(e(i2)-e(fi))|e(f2)-e(fi))< / {a{s) 





+ 




{{g{s)\e{t2) - e{s)) + {QD{s)\p{t2) - p{s)) - {q{s) - Q{tr)\Ew{s))} ds . 
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By (2.12) and (2.13) wc obtain 



+ 



ac\\e{t2) - e{ti)\\l < 2/3c / ' ||e(s) - e{ti)\\2 \\Ew{s)\\2ds + 
t t 

/ ' ||^(s)||2 ||e(i2) - e(s)||2 ds+ Ud{s)\\oo Mt2) - P{s)h ds + (5.10) 
Jti Jti 

Ct2 



+ [ \\e{s)~g{ti)\\2\\Ew{s)\\2ds. 
Jti 

By Lemma 3.2 we have that for every ti < s < t2 

a\\p{t2) - p{s)\U < n{p{t2) - Pis)) - {QD{t2)\p{t2) - P{S)) , 

therefore, inequality (5.9) with ti = s implies 

a\\p{t2)-p{s)h < '2Hs)\e{s)) - I{a{t2)\e{t2)) + 

+ {g{t2)\e{t2) - e{s)) + {g{t2) - Q{s)\e{s)) + (^^(^2) - Qd{s)\p{s)) - 

' \{git)\eit)) + (to(i)bW) - Ht) - g{t)\EMmdt. 

We observe that supj ||£i(f)||2, sup^ ||ez3(t)||oo , supj ||e(f)||2, and supj ||p(<)||i are finite (see 
Remark 4.3 for e{t)). In the rest of the proof C will denote a positive constant, whose value 
can change from line to line, depending on these suprema and on the constants ac, /3c, ct. 
The previous inequality implies that 

\\p{t2)-p{s)\\l < C{\\e{t2) - e{s)\\2 + Mt2) - q{s)\\2 + \\eD{t2) - eD{s)\\oo) + 

+ C f \\\mh + lltoWlloo + \\Ew{t)\\2}dt. 



Therefore, for every ti < s < t2 

\\p{t2)-p{s)\\i <C\\e{t2) - e{s)\\2 + C /*'{||^(i)||2 + ||to(t)||oo + \\Ew{t)\\2}dt. (5.11) 

By (5.10) and (5.11), using ||e(<2) - e(s)||2 < ||e(t2) - e(ii)||2 + ||e(s) - e(ii)||2, we deduce 
that 

+ C 

iti 

+ C( rms)h + Unm^ + \\Ew{s)h}dsy . 



^{t2) - e{h)\\l < C \\e{t2) - e{U)\\2 r {WmU + \\QD{s)\U}ds + 

Jti 

• rms)h + \\Qd{s)\U + \\Ew{s)\\2} \\e{s) - e{t,)\\2 ds + 
Jti 
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By the Cauchy inequality we have 

\Ht2) - e{U)f2 < V(s) \Hs) - e{U)\\2 ds + (^*' V(s) ds)\ 

where 

V(a) := Cms)h + \\QD{s)\U + \\Ew{s)\\2). 
We can apply now a version of Gronwall inequality, proved in Lemma 5.3 below, which gives 

||e(t2)-e(ii)||2<^ f\{s)ds<C f\\\Q{s)\\2 + \\gD{s)\\oo + \\Ew{s)\\2}ds. (5.12) 
Jti Jti 
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This implies that 1 1-^ e{t) is absolutely continuous from [0,T] into L^(r2;M"j^) and that 
e{t) satisfies (5.5). 

Using the absolute continuity of i e(t) and (5.5), inequality (5.11) with s = ti yields 
the absolute continuity of 1 1-^ p{t) and (5.6). 

Prom the decomposition Eu{t) = e{t) + p{t) , it follows that t ^ Eu{t) is absolutely 
continuous from [0,r] into Affc(n; M^^,,"^) and Eu{f) = e{t) + p{t) for a.e. t G [0,r]. 
Inequality (5.7) is an easy consequence of this decomposition. It remains to prove that 
t I— > u{t) is absolutely continuous from [0,T] into i^(0;M") and satisfies (5.8). By (2.1) 
there exists a constant C > 0, depending on fl and To , such that 

\\uit2) - u{h)\\i < C \\u{t2) - w(ti)||i,ro + C \\Eu{t2) - Eu{h)\\i . (5.13) 

Using (2.19) and the continuity of the trace operator from H^{n;M.'^) into L^{dQ;M."), we 
obtain that there exists a constant M , depending on Q , such that 

\\u{t2)-u{h)\\i,ro<V2\\p{t2)-p{h)h+ , . 

+ M\\w{t2)-w{h)\\2 + M\\Ew{t2)- Ew{h)\\2. ^ ' 

Asth^ w{t) , 1 1— > Eu{t) , and 1 1— > p{t) are absolutely continuous from [0, T] into H^{fl; M") , 

Mb{n; M^y^„7) , and MblnuTo; M^""") , respectively, inequalities (5.13) and (5.14) imply that 
t H^- u{t) is absolutely continuous from [0,T] into L^(ri;R") and (5.8) is satisfied. □ 

Lemma 5.3. Let </>: [0,T] [0, +oo[ be a bounded measurable function and let ip: [0, T] 
[0, +oo[ be an integrable function. Suppose that 

<l>(tf < (pis) V'(s) + ( ^ V(s) ds^ ^ (5.15) 
for every t e [0, T] . Then 



m<\fi^{s)ds (5.16) 



for every t G [0; T'] • 



Proof. Let us fix to € [0,T] and let 70 := {j^" ipls) ds)"^ . For every t e [0,to] we define 
V{t) := Jq (j){s) ip{s) ds. Then V is absolutely continuous on [0,to]) 0(^)^ < Vit) + 7o for 
every t e [0,to\, and V{t) < 'il;{t){V{t) +70)^^^ for a.e. t e [0,to]. Integrating between 
and to we get 2(y(to) + 70)^^^ < + J*" iPis) ds = 3 J*''^is)ds. By (5.15) we have 

4'{to) < (^(^o) +7o)^^^, so that the previous inequality gives 2(/)(to) < 3 /J" tp{s)ds. □ 

Remark 5.4. Estimates (5.5) (5.8) imply that, if t wit), t g{t) , and t £'z)(t) 
are Lipschitz continuous from [0,T] into ifi(M";R"), ^^(q.m^^^^), and L°°(n; M^,""") , 
respectively, then the functions 1 1— > u{t) , 1 1— > e{t) , 1 1— > p(t) are Lipschitz continuous from 
[0,T] into BD{n), L'^ , and M6(f2 U Tq; M^^") , respectively. 

The following lemma will be crucial in the rest of the paper. 

Lemma 5.5. Let t u{t) , t c{t) , t p(t) be absolutely continuous functions 
from [0,T] into BD{n), L2(rj;M"), and M6(0 U Tq; MJ,""") , respectively. Assume that 
{u{t),e{t),p{t)) e A{wit)) for every t G [0,T]. Then {u{t),e{t),p{t)) G A{w{t)) for a.e. 
ie [0,T]. 

Proof. It is enough to apply Lemma 2.1 to the difl[erence quotients. □ 

Thanks to the following proposition, we can differentiate the energy balance (4.5) and 
obtain a balance of powers: the rate of change of stored energy plus the rate of plastic 
dissipation equals the power of external forces. 
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Proposition 5.6. Let 1 1— » (u{t),e{t),p{t)) he an absolutely continuous function from [0,T] 
into B£>(f2)xL2(n;M^^>^^)xM6(f]uro;M^^") and let a{t) := Ce{t). Then the following 
conditions are equivalent: 

(a) for every t G [0, T] 

Q{e{t))+VH{p;0,t) - = Q(e(0)) - (r(0)|«(0)) + 

+ / {{ais)\Ewis)) - {Cis)\wis)) - {Cis)\uis))}ds; 



(b) for a.e. te [0,T] 

{a{tMt)) + nm) = Ht)\Ew{t)) - {m\w{t)) + imim) ; 

(c) for a.e. t€ [0,T] 

{a{t) - Qit)\e{t))+nm) = {eD{t)\m) + (^W - Qit)\Ewit)) ; 

(d) for every t € [0, T] 

Q{e{t)) + f{H{v{s)) - {QD{sms))}ds = 
Jo ^ 

= Q(e(0))+ / {{Q{s)\e{s)) + {ais)-e{s)\Ew{s))}ds. 
Jo 

Proof. Using (5.2) and (5.4) we obtain (b) by differentiating (a) and (a) by integrating (b). 
Similarly we obtain (d) by integrating (c) and (c) by differentiating (d). The equivalence 
between (b) and (c) follows from Lemmas 3.1 and 5.5. □ 

Condition (d) of Proposition 5.6 allows us to prove an estimate of sup^ ||e(t)||2 and 
supj ||f>(t)||i in terms of the data of the problem. 

Proposition 5.7. Let 1 1-^ {u{t) , e{t) , p{t)) be a quasistatic evolution. Then 

sup ||e(t)||2 < Ci|||e(0)||2+ sup Mt)\\2 + 
te[o,T] ^ te[o,T] 

T i-T (5.17) 

\\Q{t)hdt+ / \\Ew{t)hdt] 



JO 



and 



sup \\p{t)\\, < ||p(0)||i + C2|||e(0)||^+ sup Mt)\\l 
te[o,T] te[o,T] 



(5.18) 



+(^ \\mhdty+(j^ \\Ew{t)hdty}, 

where C\ is a positive constant depending only on ac and pc , while C2 depends also on a . 

Proof. By Theorem 5.2 the function t {u{t) , e{t) , p{t)) is absolutely continuous from [0, T] 
into BD(f})xL2(i7;M^j;<^)xMb(lluro;M^^"). As t ^ (u(t), e(i),p(t)) satisfies (qs2) in 
Definition 4.2, it satisfies conditions (a) and (d) of Proposition 5.6. After an integration by 
parts, we obtain from (d) 

Q(e(i)) + f\n{p{s)) - {gD{sms))}ds - {Q{tMt)) = 
Jo J 

= Q(e(0))+ / {{a{s)-g{s)\Ew{s))-{g{sMs))}ds-{gmem. 
Jo 
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By (2.12), (2.13), and (3.6) for every t G [0,T] we have 

(^c\\e{t)\\l + a j \\p{s)\\^ds < /Jc ||e(0)||i + 2 sup ||^.(t)||2 sup |le(i)||2 + 

Jo t6[0,T] te[o,T] 

+ sup ||e(i)||2 / {2^c\\Ew{s))h + \\Q{s)\\2}ds+ (5.19) 
te[o,T] Jo 

+ sup \\Q{t)h f \\Ew{s))\\2ds, 

te[o,T] Jo 

which imphes (5.17) and (5.18) by the Cauchy inequahty. □ 

Remark 5.8. Let t {u{t) , e{t) , p{t)) be a quasistatic cvohition. By Proposition 5.7, 
estimates (5.5)-(5.8) are satisfied with constants Ci,...,C4 depending only on the data 
of the problem. More precisely, Ci and C2 depend on Rk, ac, 0c, ct, sup^ ||£i(t)||2, 
lo \\Q{'t)\\2dt, \\Ew{t)\\2dt, ||e(0)||2, and ||f>(0)||i, while C3 depends also on O, and C4 
also on and Fq • 

5.2. Uniqueness of stress and elastic strain. We now prove that 1 1— > e{t) (and, conse- 
quently, t cr(t)) is uniquely determined by its initial condition. 

Theorem 5.9. Let t {u{t),e{t),p(t)) and t ^ {v{t),ri{t), q(t)) be two quasistatic evolu- 
tions and let a{t) := Ce{t) and r(t) := Cry(t) . // e(0) = vi^) > then e{t) = ri{t) for every 
t e [0, T] . Equivalently, if cr(0) = r(0) , then a{t) = T{t) for every t e [0, T] . 

Proof. By Theorem 5.2 the functions t ^ {u{t) , e{t) , p{t)) and t 1— > {v{t),r]{t),q{t)) are 
absolutely continuous. By condition (c) of Proposition 5.6 we have 

{a{t) - g{t)\e{t) - Ew{t)) + n{m) = (to(i)|p(t)) , (5.20) 
{r{t) - g{t)\r,{t) - Ew{t)) + n{q{t)) = (to(i)|3(i)) • (5.21) 

From the global stability condition (4.4) and from Theorem 3.6 it follows that for every 
t e [0,T] we have T{t) e Y,{Vt) n/C(17), -divT(i) = f{t) a.e. on f], and {T(t)v\ = g{t) 
on Fi. By Lemma 5.5 wc have {u{t) , e{t) , p{t)) G A{w{t)) for a.e. t G [0,T]. Therefore 
Proposition 2.4 gives n{p{t)) > {TD{t)\p{t)) . By (5.20) this implies 

(a(i) - Q{t)\e{t) - Ew{t)) + {[TD{t) - QDimpit)) < . 

As div(T(t) - g{t)) = a.e. on Q and [(T(i) - e(i))i/] = on Fi by (2.15) and Theorem 3.6, 
this inequality is equivalent to 

{a{t) - T{t)\e{t) - Ew{t)) < . 
in view of the integration by parts formula (2.42). Analogously from (5.21) we obtain 

{T{t)-a{t)\'n{t)-Ew{t)) <Q. 
Summing these two inequalities we get 

(C(e(t)-7?(t))|e(i)-7?(i)><0, 

hence 

|(C(e(t)-#))|e(t)-,?(t))<0. 

If e(0) = 77(0), we have (C(e(0) - r;(0))|e(0) - r/(0)) = 0, so that for every t e [0,T] 
(C(e(t) - r){t))\e{t) - r](t)) < 0, which is equivalent to e{t) = r/(t) by (2.12). □ 
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6. Equivalent formulations in rate form 

Let t 1-^ {u{t), e{t),p{t)) be a quasistatic evolution. Suppose for a moment that p{t) € 
L^{fl;M^") , and denote the values of p{t) and aoit) at a; e O by p{t,x) and aD{t,x), 
respectively. We recall that the normal cone Nk{£,o) to K at E M^^" is defined in 
the following way: if & K , then Nk{^o) is the set of matrices ^ G M^^" such that 
C : — ^o) < for every ^ G K; if ^ K , then Nk{^o) ■= &■ In this section we want to 
prove that 

p{t,x) E NK{<JD{t,x)) for a.e. a; G f2 , (6.1) 
which represents the classical formulation of the flow rule. 

6.1. Weak formulation. By the definition of Nk it is easy to see that (6.1) is equivalent 

to saying that 

Mt)-TD\pit))>Q (6-2) 
for every t e E(fi) n IC{il) with [ti'] — g{t) on Fi . Indeed, the fact that (6.1) implies 
(6.2) is straightforward, while to prove the converse implication it is enough to consider test 
functions of the form r = t/?^ + {1 — Lp)(T, with ip e C^{Q) , < < 1 , and ^ G K . 

Note that the variational inequality (6.2) makes sense even if p{t) is only a measure, since 
in any case p{t) G nro(f2) by Theorem 5.2 and Lemma 5.5, so that the duality product 
{(^oit) — TD\p{t)) is well defined by (2.41). We will regard (6.2) as the weak formulation of 
inclusion (6.1) when p{t) e M6(n U Lq; M^""") . 

The following theorem collects three different sets of conditions, including (6.2) and ex- 
pressed in terms of the time derivatives p{t) , e{t) , and u{t) , which are equivalent to the 
conditions considered in Definition 4.2. 

Theorem 6.1. Let t ^ {u{t) , e{t) , p{t)) he a function from [0,T] into BD{n)xL'^{n;W^^^) 
xMb(ri U To; M^^") and let a{t) := Ce{t) . Then the following conditions are equivalent: 

(a) t {u{t) , e{t) , p{t)) is a, quasistatic evolution; 

(b) 1 1-^ {u{t),e{t),p{t)) is absolutely continuous and 

(bl) for every t e [0,T] we have {u{t),e{t),p{t)) e A{w{t)) , a{t) e S(f2) n /C(0), 

—div a{t) = f{t) a.e. on fl , and [CT(t)z/] = g{t) on Ti, 
(b2) for a.e. t G [0,r] we have 

u{m) = {^D{t)\m)\ 

(c) t^ {u{t) , e{t) , p{t)) is absolutely continuous and 

(cl) for every t G [0,T] we have {u{t),e{t),p{t)) G A{w{t)) , a{t) G E(0) n/C(f2), 

— div a{t) = f{t) a.e. on i}, and [cr{t)i'] = g{t) on Fi, 
(c2) for a.e. t G [0,T] we have 

{(yD{t)-TD\m)>^ 

for every r G T,{Vt) n K.{VL) with [tu] = g{t) on Fi; 

(d) (u(t),e(t)) is absolutely continuous and 

(dl) for every t G [0,T] we have a{t) G S(n) n /C(f2), -div<T(t) = f{t) a.e. on Q., 

and [a{t)h'] = g{t) on Ti, 
(d2) for a.e. t€ [0,T] we have 

(r - CT(t)|e(t)) + (divT - diYa{t)\u{t)) > ([(r - ait)y]\w{t))9n 

for every r G S(il) n IC(fl) with [tv] = g(t) on Fi, where (•|-)aa denotes the 
duality pairing between H-'^/^{dQ;W) and H'^/'^{dn;R") , 
(d3) for every t G [0,T] p{t) = Eu{t)-e{t) on Q and p{t) = {w{t)-u{t)) i/H'^-^ 
on Fq . 
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Note that in conditions (b) and (c) the duahty products {aD{t)\p{t)) and {aD{t)—TD\p{t)) 
are well defined by (2.41), since e nro(f^) by Lemma 5.5, and <T{t), r e 

Proof of Theorem 6.1. We first prove that (a) (b). We already proved in Theorem 5.2 

that every quasistatic evolution is absolutely continuous. Moreover, Theorem 3.6 shows that 
(bl) is equivalent to the global stability condition (qsl) of Definition 4.2. By Proposition 5.6 
it only remains to prove that, for an absolutely continuous function t ^ {u{t),e{t),p{t)) 
satisfying either (bl) or (qsl), condition (b2) is equivalent to the balance of powers 

{a{mt))+n{p{t)) = {a{t)\Ew{t)) {C{t)\w{t)) + {C{t)\u{t)) (6.3) 

for a.e. t e [0,T]. Since {u{t) , e{t) , p{t)) G A{w{t)) for a.e. t G [0,T] by Lemma 5.5, 
condition (b2) is equivalent to (6.3) in view of the integration by parts formula (2.42). 

We now prove that (b) ^ (c) . It is enough to show that, if (bl) is satisfied, then 
(b2) <^ (c2) . Condition (c2) is equivalent to 

{aD{t)\p{t)) > sup{(Tz5|p(t)) : T e S(ri) n IC{n), [Tiy] = g{t) on Li} . 

Since a{t) G S(r2) n IC{Q) and [cr(f):^] = g{t) on Fi by (bl), the opposite inequality is 
trivial, so (c2) is equivalent to 

{aoiiMt)) = sup{{TD\p{t)) ■■ r e S(0) n /C(0), [H = g{t) on Fi} . 
This last condition is equivalent to (b2) by Proposition 2.4. 

Finally, we prove that (c) <^ (d) . We observe first that (d3) and the absolute continuity 
of f I— > {u{t), e{t)) imply that also 1 1— > p{t) is absolutely continuous and {u{t), e{t),p{t)) G 
A{w{t)) for every t G [0,T]. It remains to prove that, if (cl) is satisfied, then (c2) (d2). 

By (2.23) wc have 

([(r - a{t))iy]\w{t))on = (divr - div a{t)\w{t)} + (r - a{t)\Ew{t)} . 

Therefore (d2) is equivalent to 

(r - a{t)\e{t) - Ew{t)) + (divr - dxv a{t)\u{t) - w{t)) > . (6.4) 

Since {u{t),e{t),p{t)) G A{w{t)) for a.e. t G [0,T] by Lemma 5.5 and [(r - a-{t))i>] = on 
Fi , condition (c2) is equivalent to (6.4) thanks to the integration by parts formula (2.42). □ 

Remark 6.2. By Proposition 2.4 the measure H{p{t)) — [aoit) :p{t)] is nonnegative on 
U Fq , so that (b2) of Theorem 6.1 implies 

H{p{t)) ^WD{t):m] on^iUFo. (6.5) 

Remark 6.3. Condition (d) of Theorem 6.1 is the weak formulation of the quasistatic 
evolution problem for perfectly plastic materials, proposed in [12] in a slightly different 
form, and analysed in [28]. 

6.2. Strong formulation and precise definition of the stress. Let us return to the 
classical formulation (6.1) of the fiow rule, which makes sense if p{t) G L'^{^1; M^^") . It can 
be written equivalently in the form 

e NK{(TD{tx)) for £"-a.e. x G {\m\ > 0} • (6.6) 

\p{t,x)\ 

When p{t) G M6(nuFo;M2)''"), we can consider the Radon-Nikodym derivative p{t)/\p{t)\ 
of p{t) with respect to its variation \p{t) \ , which is a function defined \p{t) \ -a.e. on Q U Fq . 
We notice that 

when p{t) G L^(f2;M^^"). It is tempting to consider the inclusion 

^^{x)eNK{an{t,x)) (6.7) 
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as a pointwise formulation of the flow rule in the general case p{t) G Mb(f2 U T^-jWi^") . 
There is, however, a problem due to the fact that the left-hand side of (6.7) is defined 
a.e. on f7 U Fq, while the right-hand side is defined only C^-a.c. on fi. This difficulty is 
overcome in Theorem 6.4 below, by introducing a precise representative UD{t, x) of unit, x) , 
defined almost everywhere with respect to the measure := £" + \'p{t)\. A delicate point 
in the choice of this representative is the fact that it must also satisfy an integration by parts 
formula (see Remark 6.5). If K is strictly convex, this representative is essentially unique 
and can be obtained, in f2, as limit of the averages of an (see Theorem 6.6). 

Theorem 6.4. Lett^ {u{t),e{t),p{t)) be a function from [0,T] into BD{Q.)xL'^{n;M^:^^) 
xM&(mro;M^''"), let a{t) := Ce{t) , andlet n{t) := £"+|p(t)| . Then t ^ {u{t),e{t),p{t)) 
is a quasistatic evolution if and only if 

(c) 1 1-^ {u(t) , e{t) , p{t)) is absolutely continuous and 

(el) for every t G [0,T] we have {u{t),e{t),p{t)) € A{w{t)) , a{t) G S(f^) n /C(ri) , 
—div a{t) = f{t) a.e. on ft, and [cr{t)i'] = g{t) on T\, 

(e2) for a.e. t G [0,T] there exists aoit) G L^()(f2 U Tq; M^""") such that 



aD{t)=(TD{t) C'-a.e.onn, (6.8) 

[aoit) -.m] = {^D{t) : llli ) \m\ onQUTo, (6.9) 

P^{x) G NK{aD{t,x)) for \p{t)\-a.e. x € nuTo , (6.10) 
where aD{t,x) denotes the value of anit) at the point x. 



Remark 6.5. Assume that t ^ {u(t) . e{t) , p{t)) is absolutely continuous. If (el) holds, 
then we can prove, using (2.43), that condition (6.9) of Theorem 6.4 is equivalent to the 
following integration by parts formula: for every ip G (O) we have 

{^aoitrnt)) = -{'^{t)\^m - - {amuit) - w{t))Qv^) + , . 

+ {f{t)\^{u{t)-wm + {g{t)\^{u{t)-wmr, , ^^'''^ 

where the duality product in the left-hand side is defined by (2.2). 

As p{t)/\p{t)\ = 1 |p(i)|-a.e. on U Tq, and Nk{^) = {0} if ^ is in the interior of K, 
we deduce from (6.10) that for a.e. t G [0,T] 

aoit, x) G dK for \p{t)\-a.e. xeflUTo. (6.12) 

Using [26, Theorem 23.5] we can prove that condition (6.10) is equivalent to 

aD(t,x) GdH(^^(x)] for |;j(t)|-a.e. X G J^UTq. (6.13) 
\\p{t)\ ) 

Since dU is positively homogeneous of degree , this is equivalent to the fact that both 
the following inclusions arc satisfied: 

(7D(t,a;) e dH{p''{t){x)) for £"-a.e. x G {|p"(t)| > 0} , (6.14) 

aD(t,x)edH(^^(x)) for |p'*(t)|-a.e. a; G OuTq. (6.15) 
\\p{t)\ J 

Proof of Theorem 6.4. Assume that t 1— > {u{t) , e{t) , p{t)) is a quasistatic evolution. Then 
t {u{t) , e{t) , p{t)) is absolutely continuous by Theorem 5.2 and condition (el) is satisfied 
by Theorem 6.1. 
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Let A{t) C n and B{t) C nuTo be two disjoint Borel sets such that A{t)UB{t) = QUTo 
and \p'{t)\{A{t)) = £"(-B(i)) = 0. We define 

aD{t,x) := aD{t,x) for £"-a.e. x e A{t) , (6.16) 
aD{t,x) —doHfp^ix)) foY \p%t)\-&.e. X e B{t) , (6.17) 



\m\ 

where doH^^) denotes the element of dH{^) with minimum norm. Then (6.8) follows from 
the definition of anit) on A{t) and (6.15) follows from the definition of aoit) on B{t). To 
prove (6.14), it is enough to show that 

aDit,x) e dH{f-{t){x)) for £"-a.e. x e {|p"(t)| > 0} . (6.18) 

Taking the absolutely continuous parts in (6.5) we obtain H{p°-{t)) — <7o{t) : p°'{t) £"-a.e. on 
fl. Since for £"-a.e. x £ Q we have aoit, x) & K = dH{0) (see, e.g., [26, Corollary 23.5.3]), 
we obtain aD{t,x):(, < H{(,) for every ^ e M^^". Therefore for £"-a.e. x e Cl we have 
aD{t,x) : (C -p"(t)) < H{C) - H{p''{t){x)) for every ^ G M^""", which implies (6.18). 

To prove (6.9), we begin by proving the equality on A{t). Since |p*'(t)| = on A[t), we 
have [aoit) :p(i)] = aoit) :p"(t) on A{t) by (2.35). As aoit) = aoit) £"-a.e. on A{t) and 
p{t) = p"'{t) on A{t), we conclude that 

[an{t) -.m] = 'TDit) -.^{1) = [aoit) : ^) \p{t)\ on A{t) . (6.19) 

To prove the equality on B{t), we rely on (6.5). Using the definition (2.6) of H{p(t)), the 
proof of (6.9) will be complete if we show that 

But this equality follows from the definition of anit) on B{t) , using the Euler identity 

H{0 = C : ^ for every ^ e M^^" and every C e dH{0 ■ 

This concludes the proof of (e2). 

Conversely, assume (e). By (6.13), using again the Euler identity, for a.e. t G [0,T] we 
obtain 

^(||)=^-(*)^|| I^WI—onnuro. 

Prom the definition (2.6) of the measure H{p{t)) and from (6.9) we deduce that H{p{t)) = 
(o'£)(i)|p(i)) fo'^ ^•6- * S Therefore 1 1— > {u{t),e{t),p{t)) is a quasistatic evolution by 

Theorem 6.1. □ 

For every r > and every t e [0,T] we consider the function <j'^{t) e C(f2;M^y^^) 
defined by 

£"(B(a;,r) nS2) JB{x,r)nQ 
Since is convex, we have a'^{t,x) E K for every x G fl. 

If if is strictly convex, i.e., s + (1 — s) ^2 is an interior point of K for every < s < 1 
and every pair of distinct points , ^2 & K , then H is differentiable at all points C 7^ 
(see, e.g., [26, Corollary 23.5.4 and Theorem 25.1]) and we keep the notation dH{£^) for the 
gradient. Under this hypothesis, for a.e. t € [0, T] the function aoit) is uniquely determined 
/u(t)-a.e. on nuFo by (6.8) and (6.13) as 

an{t) = aoit) £"-a.e. on Q , (6.22) 
aoit) = |p(t)|-a.e. on U Tq . (6.23) 
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The following theorem shows that, under the same hypothesis, aoit) can be obtained in 
Cl as the limit of C7j)(t) as r — > 0. This confirms the intrinsic character of the precise 
representative introduced in Theorem 6.4. 

Theorem 6.6. Assume that K is strictly convex. Let 1 1— s- {u{t) , e{t) , p{t)) be a quasistatic 
evolution, let ii{t) := £" + let a{t) := Ce{t) , and let (T^{t) and aoit) be defined by 

(6.21) and (6.23). Then ^^^(t) aoit) strongly in Lj,(j)(n;M^''") for a.e. t e [0,T]. 

Proof. This proof is inspired by the proof of [1, Theorem 3.7]. Since cr£,(t) <TD{t) strongly 

in L^{i};M.'^") and |lcr£)(i)|loo is bounded uniformly with respect to r , it is enough to prove 
that C7£,(i) aoit) strongly in Lj^^^^i (I/; M^^") for every open set U CC fl. Let us fix U . 
Since a^'it) a{t) strongly in L"^ {U ]M^^;^) , divc7''(t) ^ divcr(i) strongly in L"(?7;R"), 
and a'jjit) is bounded in L°°(C/; M^^") , by (2.40) we have 

([<7L(i) -.mm - {Mt) -.mm (6.24) 

for every ^ G Cq{U) and for a.e. t e [0,T] . By (2.38) we have [cr^(i) :p(t)] = a}^(t) : p{t) 
on [/, where the right-hand side is defined by (2.39). By (6.5) we have also [uDit) '-Pit)] = 
H{p{t)) on U. Therefore the definition (2.6) of H{p{t)) and (6.24), together with the 
boundedness of a'^(t), imply that 

--(*)^||^^(||) -aklyMnL^,,(C/) (6.25) 

for a.e. t G [0, T] . 

Let us fix t G [0,T] such that (6.12), (6.23), and (6.25) hold. Since a^jj{t) is bounded 
in Lj^^j-||(t/;M^^"), there exists a sequence rj such that CT^(t) — ^ cr* for some a* G 
Lj^(j)|(J7;M2,''"). From (6.25) we deduce that 

Let us fix 5 G M^""". Since a2{t,x) e K ^ dH{0) for every x e U , we have cr^it):^ < 
H{0 \p{t)\-a.e. on U. As a2{t):£, ^ a* :^ weakly* in ij^(t)|(f/), we have also a* :| < 
H{^) \p{t)\-a..e. on U . Taking (6.26) into account, we get 

In view of the differentiability properties of H , this implies 



a 



a* = aif(||^) |p(t)|-a.e.onC/. 



.\p{t)\J 

By (6.23) we deduce that cr* = (T£)(f) |p(t)|-a.e. on U . Since the limit does not depend on 
the sequence rj , we conclude that 

<^D{t) ^ ^Dit) weakly* in L^^f,^{U; M'^><") . (6.28) 

As aD{t,x) G S/ST for |p(i)|-a.e. x & U hy Remark 6.5 and C7£,(i, x) G K for every x GU, 
the strict convexity of ii" can be used to improve the weak* convergence in (6.28) and to 
obtain strong convergence in Lj^^j^|(f/;M^^") (see, e.g., [31]). □ 

7. Appendix 

Let X be the dual of a separable Banach space Y . Let /C be a bounded closed convex 
subset of Y containing the origin as an interior point and let W: X — > R be its support 
function, defined by 

n{x) := sup{x\y). 
veK. 
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Since /C is a bounded neighbourhood of the origin, there exist two constants au and , 
with < a-H < (3u < +00 , such that 

Q!w||a;||x < 'H{x) < (3-h\[x\\x for every x G X . (7.1) 

Given /: [0,T] — > X and a,b G [0, T] with a < 6, we denote the total variation of / on 

[a,b] by 

N 

V(/; a, b) := sup { - fiti-i)\\x : a = io < < • • • < tiv = 6, TV e n} , 

4 = 1 

and we define the 7i -variation of / on [a, b] as 

N 

Vnif; a, b) := sup { J2 - ■■ a = to<h<---<tN = b,N gn]. (7.2) 

1=1 

From (7.1) it follows that 

anVif; a, b) < Vn{f; a, b) < /3«V(/; a, b) . 
Since H is weakly* lower semicontinuous, we have 

Vw(/;a,6)<liminfVH(/fe;a,6) (7.3) 

k — *oo 

whenever /fc(<) ^ f{t) weakly* for every t G [a,b]. 

We now prove a theorem about weak* derivatives of absolutely continuous functions with 
values in X and their relationships with the notion of 7i -variation. 

Theorem 7.1. Let f: [0,T] ^ X be an absolutely continuous function. Then the weak* - 
limit 

/(t):=«;*-lim:^^tM (7.4) 

s— »t S — t 

exists for a.e. t G [0,T], and 

H(/(t)) = limw(M^) (7.5) 
for a.e. t G [0,T]. Moreover, the function t ^ H{f{t)) is measurable and 

Vnif;a,b)= [ n{f{t))dt (7.6) 

J a 

for every a,b G [0, T] with a <b. 

Proof. Let F be the linear span over Q of a countable dense set in Y . For every y G F 
the map 1 1— > {f{t)\y) is absolutely continuous on [0,T] ; therefore, there exists a set Ny of 
measure zero such that the limit 

iP,(i):=limm-M 

^ s^t s-t 

exists for every t G [0,T]\Ny. Let V(i) := V(/;0,i). Since the function t ^ V{t) is 
non-decreasing, it is differentiable for every t G [0, T]\M , where M is a set of measure zero. 
Let N be the union of M with the sets Ny foi y G F. Then, C^{N) = 0, the derivative 
Dy{t) exists for every y G F and every t G [0,T]\N , and 

\Dyit)\ = ^JM^^M<my\\v (7.7) 

s^t \.s — t\ 

for every y G F and every t G [0,T]\iV. Now, for t G [0, r]\A^ consider the linear map 
y G F Dy{t). This map is continuous by (7.7); therefore, there exists a vector in X, 
which we call f{t) , such that 

Dv{t) = if my) 
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for every y G F . Using the density of F and (7.7) it is easy to show that the vector f{t) 
satisfies 

for every y gY and every t G [0,T]\N, so that (7.4) is satisfied. 

Wc note that the function t 'H{f{t)) is measurable, since the map t {.f{t)\y) is 
measurable for every y £Y and 'H{f{t)) = supy^j(^^^{f {t)\y) , where /Co is a countable dense 
subset of /C. Moreover, if a = to < ti < ■ ■ ■ < t^-i <tN=b is a subdivision of [a, b] , then 

{f{U)-f{U-i)\y)= r {nt)\y)dt< r n{m)dt 
Jti-1 Jti-1 

for every 1 < i < N and every y G )C, hence 

n{m)-f{u.r))< r n{m)dt 

for every 1 < i < N . Summing over i and taking the supremum over all subdivisions, we 
obtain 

Vw(/;a,6)< / n{f{t))dt. (7.8) 

J a 

To show the converse inequality, note that the function 1 1-+ Vn{f', 0, t) is non-decreasing; 
therefore, it is diflFerentiable for a.e. t G [0, T] and 

rb 



I 

J a 



^Vn{f;0,t)dt<Vnif;a,b). (7.9) 
dt 



Let to G [0,r] be a point where both / and Vh(/;0, •) are differentiable. Since H is 
positively homogeneous of degree 1 , we have 



«( 



f{t)-f{to)\ < V„(/;0,i)-V„(/;0,io) 



t=to 



t — to z t — to 

for every t to- Passing to the limit as t ^ to and using the weak* -lower semicontinuity 

of 7i ; wc get 

nm)) < liminfH(M:if^) < limsupH( ^(^;-f^^°^ ) < -^V„(/;0,t) 
t^to \ t — to ' t^to ^ t — to ' at 

for a.e. to G [0, T] . We now integrate the first and the last term in the previous inequality 
from a to 6 and we obtain (7.6) and (7.5) from (7.8) and (7.9). □ 

We conclude this appendix with a lemma which generalizes the classical Helly Theorem for 
real valued functions with uniformly bounded variation, as well as its extension to reflexive 
separable Banach spaces (see, e.g., [3, Chapter 1, Theorem 3.5]). 

Lemma 7.2. Let fk- [0,T] X be a sequence of functions such that /fc(0) and V(/fc;0, T) 

are hounded uniformly with respect to k . Then there exist a subsequence, still denoted fk , 
and a function f: [0,T] X with bounded variation on [0,r], such that fk{t) f{t) 
weakly* for every t G [0, T] . 

Proof. It is enough to apply [15, Theorem 3.2] with y = X , TZ{t) = V{t) equal to the 
corresponding unit ball, and T equal to the weak* topology. □ 
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